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Quadratic Equation over Associative Algebra 


Aleks Kleyn 

Abstract. In this paper, I treat quadratic equation over associative D-al- 
gebra. In quaternion algebra iJ, the equation = a has either 2 roots, or 
infinitely many roots. Since a E -R, a < 0, then the equation has infinitely 
many roots. Otherwise, the equation has roots xi, X 2 , X 2 = —xi. I con¬ 
sidered different forms of the Viete’s theorem and a possibility to apply the 
method of completing the square. 

In quaternion algebra, there exists quadratic equation which either has 1 
root, or has no roots. 


Contents 

1. Preface. 1 

1.1. Preface to Version 1 . 1 

1.2. Preface to Version 2 . 2 

2. Preliminary Definitions. 4 

2.1. Universal Algebra. 4 

2.2. Representation of Universal Algebra. 5 

2.3. Module over Commutative Ring. 7 

2.4. Algebra over Commutative Ring . 9 

2.5. Algebra with Conjugation. 13 

2.6. Polynomial over Associative D-Algebra. 14 

2.7. Quaternion Algebra . 15 

3. Simple Examples. 16 

4. Square Root. 17 

5. Algebra with Conjugation. 20 

6. Few Remarks. 24 

7. Questions and Answers. 25 

8. References. 28 

9. Index. 30 

10. Special Symbols and Notations. 31 

1. Preface 

1.1. Preface to Version 1. Many years ago during algebra lessons at seventh 
grade, my teacher taught me how to solve quadratic equations. It was not difficult. 
Although it took me a long time to remember the formula, the simple idea to solve 
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the equation by completing the square always allowed me to complete the required 
calculations. 

In spite of its apparent simplicity, every time I learned something new I felt the 
thrill of discovery. The memory of this sense has been dulled by stronger experiences 
as years have gone by. But our fate is unpredictable and sometimes likes to play a 
joke on us. I go back to school. I again learn to solve quadratic equations; I again 
learn standard algebraic identities. 

It is not important that I study noncommutative algebra instead of real numbers. 
My memory is leading me on a well known path, and I trust it. Somewhere, after 
the next turn, I will meet the thrill of new discovery once again. 

June, 2015 


1.2. Preface to Version 2. Shortly after the publication of the paper, I found 
the answer for the question 7.1 in the paper [9]. In this paper, authors consider 
equation which has form 

(1.1) xpox* + xQ + Rx* = S 


where Q, R, S are iJ-numbers and po € R. Since 

x* = — - (x + ixi + jxj + kxk) 
in quaternion algebra, then the equation ( 1 . 1 ) gets form 


( 1 . 2 ) 


2 PO . . PO . . PO , , 

Pqx ——xixi —^xjxj ——xkxk 

„ R R. . R . . R, , o 

+ xU -X- ixi - 7 x 7 - kxk = b 

^ 2 2 2 2 


In the paper [9], there is complete analisys of solutions of the equation (1.1) (the 
theorem [9] -2 on the page 7). 

However, I was confused by case 2, when the equation have one root or no one. 
According to the proof, we get unique root. However, the multiplicity of the root 
should be 2, since this is root of quadratic equation. So I decided to clarify this 
case for me by particular example. I chose the coefficients 


Q = Ai R = —4j po = 8 


In this case, the equation (1.1) has form 

(1.3) x8x*+4xi-4jx* =-l-2fc 


and has unique root 
(1.4) 


Q* + R -4i-4j 1,. , 

=-^ = 4 ^*+') 


Since equations (1.1), (1-2) are equivalent, then the equation (1.3) has form 
(1.5) p(x) = 0 

where polynomial p(x) has form 

p(x) = (—4 (g)l(g)l — 4®i(g)i — 4®j®j — 4®fc(g)fc)ox^ 

+ (4 (g) i + 2j (g) 1 — 2A: (g) z — 2 (g) j + 2t (g) A:) o X + 1 + 2A: 


= (—4x^ — ixixi — 4:xjxj — Axkxk 
+ 4xz + 2jx — 2kxi — 2xj + 2ixk + 1 + 2A: 


( 1 . 6 ) 
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Since (1.4) is root of the equation (1.5), then the polynomial 


(1.7) 


q{x) =X - ^(*+j) 


is divisor of the polynomial p{x). Applying division algorithm considered in the 
theorem 2.53, we get 

p{x) = — 4:q(x){x + ixi + jxj + kxk — i) 

+ q{x){i - j) - ig(a;)(l - k) + jq{x)(k + 1) - kq{x){j + i) 

The expression (1.8) does not answer my question. So I leave the question 7.1 open. 

It is an interesting twist. The main point of this paper was to show that some 
ideas may simplify research in noncommutative algebra. At the same time. This 
article raises questions about the effectiveness of division algorithm considered in 
the theorem 2.53. This is good. To solve a problem, we need to see this problem. 
Nevertheless, consider result of the division in details. 
p(x) =(—4 0 (a; + ixi + jxj + kxk — i) 

(1.9) 

+ 1 0 (i — j) — i 0 (1 — fc) + j 0 (fc + 1) — /c 0 (j + i)) o q{x) 
Quotient is tensor 

s{x) = — 4 0 (x + ixi + jxj + kxk — i) 

+ 1 0 (i — j) — i 0 (1 — fc) + j 0 (fc + 1) — fc 0 (j + i) 

which linearly depends from x. According to the theorem [9]-2 on the page 7, the 
value of X different from value (1.4) is not a root of the tensor s{x). From the 
equation 

■s(^(* + j)) = 2 0 (-1 - j) + 4 0 i 

+ 1 0 (f — j) — z 0 (1 — fc) + j 0 (fc + 1) — fc 0 (j + z) 

= —2 0z — 20J+40Z 

+ l0z—l0j — z0l + z0fc+j0 A:+j0 l — fc0j — fc0z 
= -3 0 j + 3 0 z 

— z0l + z0 fc+j0 /c + j0l — fc0j — A:0z 

it follows that the value of x (1.4) is not a root of the tensor s{x). 

To better understand construction which we considered here, consider the poly¬ 
nomial with known roots, for instance, 

p{x) = 2{x — i){x — j) + {x — j){x — i) = 3x^ — 2ix — 2xj — jx — xi + k 
and divide this polynomial over the polynomial 

r(x) = X — i 

Applying division algorithm considered in the theorem 2.53, we get 
p{x) = 3(r(x) -I- i)x — 2ix — 2xj — jx — xi + k 
= 3r{x)x + ix — 2xj — jx — xi + k 

= 3r{x)x + i(r{x) -b z) — 2{r(x) + i)j — j{r{x) -b z) — (r(x) -b z)z -b fc 
= 3r(x)x -b ir{x) — 2r{x)j — jr{x) — r{x)i 
= (3 0 x-bz0l — 20J — j0l — l0z)o r[x) 
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Therefore, quotient of polynomial p(x) divided by polynomial r(x) is the tensor 
s{x) = 3(8)a; + i0l — 2(g)j — j0l — l(g)i 

It is evident that 

s{j) = 1 0 0' — i) — (j — i) 0 1 ^ 0 0 0 

However 

sU)°rij) = 0 

It is evident that this method does not work in case of multiple root. 

I am not yet ready to consider the division of the polynomial (1.6) by polynomial 
of power 2. Based on the equality (1.6), we may assume that divisor has form 

r{x) = —-(4a; — i — j)(4a; — i — j) — ^(4a; — i — j)i{4:X — i — j)i 

- i(4a; - i - j)j(4a; - i - j)j - i(4a; - z - j)k{Ax - i - j)k 

However, it is evident that r{x) € R for any x. This consideration finaly convinced 
me that the theorem [9]-2 on the page 7 is true. 

January, 2016 


2. Preliminary Definitions 


2.1. Universal Algebra. 

Definition 2.1. For any sets^ A, B, Cartesian power is the set of maps 

f-.A^B 


□ 


Definition 2.2. For any n > 0, a map^ 

uj: A'^ ^ A 

is called n-ary operation on set A or just operation on set A. For any ai, 
On £ A, we use either notation a;(ai,..., On), ai...anW to denote image of map 

(jj. □ 

Remark 2.3. According to definitions 2.1, 2.2, n-ari operation uj £ A^ . □ 

Definition 2.4. An operator domain is the set of operators^ ft with a map 

a : n ^ N 

If UJ G n , then a(u;) is called the arity of operator uj. If a(oj) = n, then operator 
UJ is called n-ary. We use notation 

= {w £ H : a(uj) = n} 

for the set of n-ary operators. □ 


^ I follow the definition from the example (iv) on the page [ll]-5. 

^ Definition 2.2 follows the definition in the example (vi) on the page page 
^ I follow the definition (1), page [ll]-48. 
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Definition 2.5. Let A be a set. Let Q be an operator domain.'^ The family of 
maps 

Lt{n) —?► A'^ n G N 

is called Ll-algebra structure on A. The set A with Q-algebra structure is called Q- 

algebra An or universal algebra. The set A is called carrier of fi-algebra. 

□ 

The operator domain ft describes a set of fl-algebras. An element of the set LI is 
called operator, because an operation assumes certain set. According to the remark 
2.3 and the definition 2.5, for each operator w G Ll(2) n-ary operation a; on A is 
associated. 

Definition 2.6. Let A, B be Ll-algebras and to G L}{n). The map^ 

f-.A^B 

is compatible with operation ui, if, for all ai, On G A, 

(2.1) /(ai).../(a„)w =/(ai...a„a;) 

The map f is called homomorphism from Ll-algebra A to Ll-algebra B, if f is 
compatible with each uj G LI . □ 

Definition 2.7. A homomorphism in which source and target are the same algebra 
is called endomorphism. □ 

2.2. Representation of Universal Algebra. 

Definition 2.8. Let the set A be Ll-algebra. Endomorphism t G End(r2;A) is 
called transformation of universal algebra A. □ 

Definition 2.9. Let the set A 2 be Ll 2 -algebra. Let the set of transformations 
End(f 22 ;A 2 ) be Lli-algebra. The homomorphism 

f : Ai ^ End(02; A 2 ) 

of LI I -algebra Ai into Lli-algebra End(02;A2) is called representation of fli- 
algebra Ai or Ai-representation in Ll 2 -algebra A 2 . □ 

We also use notation 

/ : Ai —* —^ A2 

to denote the representation of fli-algebra Ai in n 2 -algebra A 2 . 

Definition 2.10. Let the map 

f : Ai ^ End(n2; A 2 ) 

be an isomorphism of the Lli-algebra Ai into End(r 22 ; A 2 ). Then the representation 

f : Ai A 2 

of the Lli-algebra Ai is called effective.® □ 

^ I follow the definition (2), page [ll]-48. 

® I follow the definition on page [ll]-49. 

® See similar definition of effective representation of group in [16], page 16, [17], page 111, [12], 
page 51 (Cohn calls such representation faithful). 
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Definition 2.11. Let 

f : Ai A 2 

be representation of Lli-algebra Ai in Ll 2 -algebra A 2 and 

g : Bi B 2 

be representation of Lli-algebra Bi in Ll 2 -algebra - 62 - For i = 1, 2, let the map 

fi : Ai —^ Bi 

be homomorphism of LIj-algebra. The matrix of maps {ri r 2 ) such, that 
( 2 . 2 ) r 2 o f (a) = g{ri (a)) o r 2 

is called morphism of representations from / into g. We also say that mor¬ 
phism of representations of Oi-algebra in f 22 -algebra is defined. □ 


Remark 2.12. We may consider a pair of maps ri, r 2 as map 

F '. Ai U A2 —^ Bi U B2 


such that 

F(Ai) = F{A2) = B 2 

Therefore, hereinafter the matrix of maps (ri r 2 ) also is called map. 


□ 


Definition 2.13. If representation f and g coincide, then morphism of represen¬ 
tations (ri r 2 ) is called morphism of representation /. □ 


Definition 2.14. Let 

f : Ai — A 2 

be representation of Lli-algebra Ai in Ll 2 -algebra A 2 and 

g : Ai B 2 


be representation of Lli-algebra Ai in Ll 2 -algebra B 2 . Let 

^id : Ai —> Ai r2 '. A2 —^ B2^ 

be morphism of representations. In this case we identify morphism of (id, R) rep¬ 
resentations of Lli-algebra and corresponding homomorphism R of LI 2 -algebra and 
the homomorphism R is called reduced morphism of representations. We will 
use diagram 


(2.3) 



Ai 


to represent reduced morphism R of representations of LIi-algebra. From diagram 
it follows 

(2.4) 


r 2 o /(a) = g{a) o r 2 
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We also use diagram 

A 2 -- ^B2 

\ y 

f\ 

Ai 

instead of diagram (2.3). □ 

2.3. Module over Commutative Ring. 

Definition 2.15. Let commutative ring D has unit 1. Effective representation 


(2.5) f:D-*—^V f{d):v^dv 

of ring D in an Abelian group V is called modnle over ring D or D-module. 
Effective representation (2.5) of commutative ring D in an Abelian group V is called 

vector space over field D or D-vector space. □ 


Theorem 2.16. Following conditions hold for D-module: 

• associative law 

(2.6) {ab)m = a{bm) 

• distribntive law 


(2.7) 

( 2 . 8 ) 


a(m + n) = am + an 
(a + b)m = am + bm 


• unitarity law 

(2.9) Im = m 

for any a, b G D, m, n € V. 


Proof. The theorem follows from the theorem [7J-4.1.3. □ 

Definition 2.17. LetAi,A 2 be D-modules. Reduced morphism of representations 

f : Ai ^ A 2 

of D-module Ai into D-module A 2 is called linear map of D-module Ai into D- 
module A 2 . Let us denote £{D;Ai;A 2 ) set of linear maps of D-module Ai into 
D-module A 2 . □ 


Theorem 2.18. Linear map 

f '■ A\ ^ A 2 

of D-module Ai into D-module A 2 satisfies to equations'^ 

(2.10) /o(a + 6) = /oa + /o6 

(2.11) f o {pa) = p{f o a) 


a,b G Ai p G D 

Proof. The theorem follows from the theorem [7J-4.2.2. 


□ 


^In some books (for instance, [1], p. 119) the theorem 2.18 is considered as a definition. 
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Definition 2.19. Let D he the commutative ring. Let Ai, An, S be D-modules. 
We call map 

f : Ai X ... X An —>■ S 

polylinear map of modules Ai, An into module S, if 

f o (ai,...,a^ + hi, ...,an) = / o (oi, ...,an) + f o ...,an) 

f ^ (^ 1 5 pai , .. ■, On') — pf O (^1; ■ • ■; ^i, On) 

1 < i < n ai,bi G Ai p € D 

□ 


Definition 2.20. Let Ai, An be free modules over commutative ring D.® Con¬ 
sider category Ai whose objects are polylinear maps 

f : Ai X ... X An^ Si g: AiX ... x An ^ S 2 


where Si, S 2 are modules over ring D, We define morphism 


f^g 


to be linear map 


h: Si-^S2 


making following diagram commutative 



Universal object Ai ® ... ® An of category Ai is called tensor product of modules 

Ai, ..., An. n 


Theorem 2.21. Let D he the commutative ring. Let Ai, ..., An be D-modules. 
Tensor product is distributive over sum 

ai (g)... 0 (a* + bi) 0 ... 0 a„ 

(2.12) = ai 0 ... 0 Cj 0 ... 0 a„ + ai 0 ... 0 0 ... 0 a„ 

ai,bi G Ai 


The representation of the ring D in tensor product is defined by equation 


(2.13) 


fli 0 ... 0 (coi) 0 ... 0 a„ = c(ai 0 ... 0 a, 0 ... 0 a„) 
Oi G Ai c G D 


Proof. The theorem follows from the theorem [7J-4.4.3. 


□ 


8 


I give definition of tensor product of D-modules following to definition in [1], p. 601 - 603. 
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Theorem 2.22. Let Ai, An be modules over commutative ring D. Tensor 
product 

f Ai X ... X An —t Ai 0 ... 0 An 

exists and unique. We use notation 

f o (oi,..., On) = ai (g) ... 0 a„ 

for image of the map f. Let 

g : Ai X ... X An ^ V 

be polylinear map into D-module V. There exists a linear map 

h '. Ai 0 ... 0 An —^ V 

such that the diagram 

(2.14) ^i0...0A„ 



(2.15) o (ai 0 ... 0 a„) = g o (ai, ...,a„) 

Proof. See the proof of theorems [7J-4.4.2, [7J-4.4.4. □ 

2.4. Algebra over Commutative Ring. 

Definition 2.23. Let D be commutative ring. D-module Ai is called algebra over 
ring D or D-algebra, if we defined product in Ai 

(2.16) vw = Co[v,w) 
where C is bilinear map 

C:AxA^A 

If Ai is free D-module, then Ai is called free algebra over ring D. □ 

Theorem 2.24. The multiplication in the algebra Ai is distributive over addition. 

Proof. The theorem follows from the theorem [7J-5.1.2. □ 

Convention 2.25. Element of D-algebra A is called A-number. For instance, 
complex number is also called C-number, and quaternion is called H-number. □ 

The multiplication in algebra can be neither commutative nor associative. Fol¬ 
lowing definitions are based on definitions given in [18], page 13. 

® I follow the definition given in [18], p. 1, [10], p. 4. The statement which is true for any D- 
module, is true also for D-algebra. 
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Definition 2.26. The commutator 

[a, b] = ah — ba 

measures commutativity in D-algebra Ai. D-algebra Ai is called commutative, 
*/ 


Definition 2.27. The associator 

(2.17) {a,b,c) = {ab)c — a{bc) 

measures associativity in D-algebra Ai. D-algebra Ai is called associative, if 


Definition 2.28. The seA^ 

N (A) = {a € A : V&, c G A, (a, b, c) = (6, a, c) = {b, c, a) = 0} 
is called the nucleus of an D-algebra Ai. □ 

Definition 2.29. The set^^ 

Z (A) = {a G A : a € N(A) , V& G A,ab = ba} 
is called the center of an D-algebra Ai. □ 

Convention 2.30. Let A be free algebra with finite or countable basis. Considering 
expansion of element of algebra A relative basis e we use the same root letter to 
denote this element and its coordinates. In expression of, it is not clear whether this 
is component of expansion of element a relative basis, or this is operation of = aa. 
To make text clearer we use separate color for index of element of algebra. For 
instance, 


Let e be the basis of free algebra Ai over ring D. If algebra Ai has unit, then 
we assume that eo is the unit of algebra Ai. 

Theorem 2.31. Lete be the basis of free algebra Ai over ring D. Let 


a = a^Ci b = Dci a,b € A 
We can get the product of a, b according to rule 

(2.18) {abf = C’f^a^lP 

where C^- are structural constants of algebra Ai over ring D. The product of 
basis vectors in the algebra Ai is defined according to rule 

(2.19) CiCj = C^jCk 

Proof. The theorem follows from the theorem [7] -5.1.9. □ 


The definition is based on the similar definition in [18], p. 13 
The definition is based on the similar definition in [18], p. 14 
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Definition 2.32. Let Ai and A 2 be algebras over ring D. The linear map of the 
D-module Ai into the D-module A 2 is called linear map of D-algebra Ai into D- 
algebra A 2 . Let us denote C{D; Ai; A 2 ) set of linear maps of D-algebra Ai into 
D-algebra A 2 . □ 

Definition 2.33. Let Ai, A„, S be D-algebras. Polylinear map 

f : Ai X ... X An —>■ S 

of D-modules Ai, ..., An into D-module S is called polylinear map of D-algebras 
Ai, An into D-algebra S. Let us denote C{D\ Ai,An\ S) set of polylinear 
maps of D-algebras Ai, An into D-algebra S. Let us denote C{D] A'^-, S) set 
of n-linear maps of D-algebra Ai (A\ = ... = An = AiJ into D-algebra S. □ 

Theorem 2.34. Tensor product Ai 0 ... 0 An of D-algebras Ai, ..., An is D- 
algebra. 

Proof. The theorem follows from the theorem [7J-6.1.3. □ 

Theorem 2.35. Let Ai be associative D-algebra. The representation 

(2.20) h-.A®A — *^C{D]A\A) h{p):f^pof 

of D-module Ai 0 Ai is defined by the eguation 

(2.21) (a 0 5) o / = a/5 a,b G A f G C{D-,A;A) 

The representation (2.20) generates product o in D-module Ai 0 Ai according to 
rule 

{p o q) o a = p o {qo a) 

(2.22) (po ®Pi) o (go ® qi) = ipoQo) ® {qiPi) 

The representation (2.20) of algebra Ai 0 Ai in module C{D\ A\ A) allows us to 
identify tensor d G Ai ® Ai and linear map doS G C{D;A]A) where 5 G 
C{D\ A] A) is identity map. Linear map generated by tensor a05GTi0Ai has 
form 

(2.23) (a 0 5) o c = acb 

Proof. The theorem follows from the theorem [7J-6.3.4. □ 

Convention 2.36. / assume sum over index i in expression like 

□ 


Theorem 2.37. Consider D-algebra Ai and associative D-algebra A 2 . Consider 
the representation of algebra A 2 0 A 2 in the module C{D; Ai; A 2 ). The map 

h I A\ —y A 2 


generated by the map 

has form 
(2.24) 


f : Ai ^ A 2 


h = {os.o ® Os-i) o / = Qs-ofas-i 


Proof. The theorem follows from the theorem [7J-6.3.6. 


□ 
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Theorem 2.38. Let Ai be algebra over the ring D. Let A 2 be free finite dimensional 
associative algebra over the ring D. Let e be basis of the algebra A 2 over the ring 
D. The map 

(2.25) g = aof 

generated by the map f G C{D', Ai] A 2 ) through the tensor a G A 2 ® A 2 , has the 
standard representation 

(2.26) g = ej)o f = d'^eifcj 

Proof. The theorem follows from the theorem [7J-6.4.1. □ 

Convention 2.39. In the eguation 


(2.27) 


((ao, ...,a„,cr) o (/i, ...,/„)) o {xi,...,Xn) 
= {aoa{fi)ai...an-ia{fn)an) o {xi,...,Xn) 
— ^O^ifl ® )^1 ...^n—lo(/n ® 


as well as in other expressions of polylinear map, we have convention that map fi 
has variable Xi as argument. □ 

Theorem 2.40. Let A be associative D-algebra. Polylinear map 
(2.28) / : A'^ A, a = f o (ai, ..., a„) 

generated by maps Ig-i, ..., Ig-n S C{D]A]A) has form 


(2.29) 


a = /"o <^sils i o ai) /”.! ... (Ts{Is.n o a„) fl 


where as is a transposition of set of variables {ai, ...,a„} 


Os = 


Oj\ ... (Xn 

^as{ai) ... as{an) 

Proof. The theorem follows from the theorem [7J-6.6.6. 

Convention 2.41. Since the tensor a G has the expansion 

a = Oi.Q 0 Oi-i 0 ... 0 Oi.n i G I 

then set of permutations a = {ai G S{n) : i G 1} and tensor a generate the map 

{a, a) -.A^^^A 

defined by rule 

(a, a) o (&i, bn) = (ono 0 a^.i 0 ... 0 aj.„, ai) o {bi ,..., 6„) 

= ai.ejai(h\)ai.\...ai(hn)ai.n 


□ 


□ 
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2.5. Algebra with Conjugation. Let D be commutative ring. Let A be D- 
algebra with unit e, A ^ D. 

Let there exist subalgebra F of algebra A such that F A, D F F F Z{A), 
and algebra A is a free module over the ring F. Let e be the basis of free module 
A over ring F. We assume that eo = 1. 

Theorem 2.42. Structural constants of D-algebra with unit e satisfy condition 

(2.30) = Clo = 

Proof. The theorem follows from the theorem [5] -3.5. □ 

Consider maps 

Re : A —A 
Im ; A A 

defined by equation 

(2.31) Red = d° lmd = d-d° d&D d = d^ei 

The expression Re d is called scalar of element d. The expression Im d is called 
vector of element d. 

According to (2.31) 

F = {d G A : Red = d} 

We will use notation Re A to denote scalar algebra of algebra A. 

Theorem 2.43. The set 

(2.32) ImA = {de A:Red = 0} 

is {Re A)-module which is called vector module of algebra A. 

Proof. The theorem follows from the theorem [5J-4.1. □ 

According to the theorem 2.43, there is unique defined representation 

(2.33) c? = Red + Imd 
Definition 2.44. The map 

(2.34) d*=Red-lmd 

is called conjugation in algebra provided that this map satisfies 

(2.35) {cd)* = d* c* 

{Re A)-algebra A equipped with conjugation is called algebra with conjugation. 

□ 

Theorem 2.45. The {Re A)-algebra A is algebra with conjugation iff structural 
constants of {Re A)-algebra A satisfy condition 

(2-36) C'°=C°, 

l<fc<n 1 < I<n l<p<n 


Proof. The theorem follows from the theorem [5J-4.5. 


□ 
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2.6. Polynomial over Associative D-Algebra. Let D be commutative ring and 
A be associative D-algebra with unit. 

Theorem 2.46. Let pk{x) be monomial of power k over D-algebra A. Then 
2.46.1: Monomial of power 0 has form po{x) = ao, oq € A. 

2.46.2: If k > 0, then 

Pk{x) = pk-i{x)xak 

where Ok € A. 


Proof. The theorem follows from the theorem [6]-4.1. 


□ 


In particular, monomial of power 1 has form pi{x) = aoxai. 


Definition 2.47. We denote Afe[a:] Abelian group generated by the set of mono¬ 
mials of power k. Element pk{x) of Abelian group Afe[a;] is called homogeneous 
polynomial of power k. □ 


Convention 2.48. Let the tensor 
assume 


ao X 


n 


a g . When 

a o (xi 0 ... 0 Xn) 


Xi 


Xn = X, we 


□ 


Theorem 2.49. We can present homogeneous polynomial p{x) in the following 
form 

p{x) = OkO x^ Ok G 


Proof. The theorem follows from the theorem [6]-4.6. 


□ 


Definition 2.50. We denote 

CO 

A[x\ = ^ An[x\ 

n—{) 


direct sumf^ of A-modules A„[a;]. An element p{x) of A-module A[x\ is called 
polynomial over D-algebra A. □ 


Definition 2.51. The polynomial p{x) is called divisor of polynomial r{x), if 
we can represent the polynomial r{x) as 

(2.37) r{x) = q^.o{x)p{x)qi.i{x) = (gi.o(x) 0 qi.i(x)) op(x) 

□ 


Theorem 2.52. Let p(x) = pi o x be homogeneous polynomial of power 1 and pi 
be nonsingular tensor. Let 

r(x) = ro + ri o a; + ... + Tfe o 
be polynomial of power k. Then 

r{x) = ro + qi.op{x)qi.i + q 2 .o{x)p{x)q 2 .i + ... + qk.Q{x)p{x)qk.i 
(2.38) = ro + (gi-o 0 gi-i) o p{x) + {q 2 .o{x) 0 q 2 .i) o p{x) 

+ ... + (qk-oix) 0 qk-i) op{x) 

Proof. The theorem follows from the theorem [6J-6.9. □ 


^^See the definition of direct sum of modules in [1], page 128. On the same page, Lang proves 
the existence of direct sum of modules. 
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Theorem 2.53. Let 


(2.39) p{x)=po+piox 

be polynomial of power 1 and pi be nonsingular tensor. Let 

/ \ ht 

r{x) = ro + ri o X + ... + Tfc o X 
be polynomial of power k. Then 

r(x) = ro - ((ri.Q.s ® ri.i.g) op~^) o po 

- (((»’2 0 -s o x) 0 r 2 . 1 .s) o pf^) o Po 

- ■■■ - {{{rk o-s ° <Si rk-i-s) o Pf^) o Po 

+ iin-o-s opf'^) op{x) 

1^2 + (((^2.0-s ox)® r2.i.s) opf^)o p{x) 

+ ... + (((rk-o-s o x^~^) ® rk-i-s) o pf^) o p(x) 

= ro - ((ri.Q.s 0 ri.i.s + (r2.o.s o x) 0 r2.i.s 


+ ... + (r/c.Q.s o x^ b ® Tk.i.s)opi b opo 
+ ((rro-s 0 ri.i.s + {r 2 .o-s o x) 0 r 2 .i.s 
+ ••• + {rk.o.sOX^~^) 0 rk.i.s) o pf^) o p{x) 

Proof. The theorem follows from the theorem [6J-6.10. □ 

2.7. Quaternion Algebra. 


Definition 2.54. Let R be real field. Extension field H = R{i,j, k) is called the 
quaternion algebra if multiplication in algebra H is defined according to rule 


(2.41) 



i 

3 

k 

i 

-1 

k 

-3 

3 

-k 

r —1 

1 

i 

k 

3 

• 

1 

-1 


□ 


Elements of the algebra H have form 

X = x° + x^i + x^j + x^k 

x°,x^,x^,x^ G R 

Quaternion 

(2.42) X = x° — x^i — x^j — x^k 

is called conjugate to the quaternion x. We define the norm of the quaternion 
X using equation 

(2.43) |xp = XX = (x°)2 + (x^)2 + (x2)2 + (x^)2 
From the equality (2.43), it follows that inverse element has form 

(2.44) x~^ = |x|“^x 
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Theorem 2.55. Let 

(2.45) eo = 1 ei = i 62 = j 63 = fc 

be basis of quaternion algebra H. Then in the basis (2.45), structural constants 
have form 


II 

tf 

1 

II 

H 

0° 

1 

(^2 _ 
^02 — 

1 

^03 — 

1 

f-ll _ 
^10 — 

1 

II 

I—1 

-1 

C^2 = 

1 

^1^3 = 

-1 

r'2 — 
^20 — 

1 

^3 _ 

^21 — 

-1 

C^2 = 

-1 

C'23 = 

1 

^3 _ 

^30 — 

1 

(^2 _ 
^31 — 

1 

C^2 = 

-1 

II 

OCO 

0 

-1 


Proof. See the proof of the theorem [4J-4.3.1. □ 

Theorem 2.56. Equation 

ax — xa = \ 

in quaternion algebra does not have solutions. 

Proof. The theorem follows from the theorem [3J-7.1. □ 

3. Simple Examples 


Theorem 3.1. 

(3.1) {x + a)^ = + (1 0 a + a 0 1) o a; + 

Proof. The identity (3.1) follows from the equality 

(a; + a)(a: + a) = a:(a; + a) + a{x + a) = + a;a + aa; + 

= + (1 0 a + a 0 1) o X + 


□ 


Theorem 3.2. 

(x + a)^ =x^ + (l0l0a+l0a0l + a0l0l)ox^ 

(3.2) 

+ (1 0 + a 0 a + 0 1 ) o X + 

Proof. The equality 

(x + a)(x + a)(x + a) = (x + a)(x^ + (l0a + a0l)ox + a^) 

= x(x^ + (l0a + a0l)ox + a^) + a(x^ + (l0a + a0l)ox + a^) 

= x^ + x(l 0a + a0l)ox + xa^ + ax^ + a(l 0a + a0l)ox + a^ 

(3.3) = x^ + (1 0 1 0 a + 1 0 a 0 1) o x^ + (1 0 a^) o X 

+ (a 0 1 0 1) o x^ + (a 0 a + 0 1) o X + 

= x^ + (l0l0a+l0a0l + a0l0l)ox^ 

+ (1 0 + a 0 a + 0 1 ) o X + 

follows from the identity (3.1). The identity (3.2) follows from the equality (3.3). 

□ 
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Theorem 3.3. 

(3.4) (x + a)(a; + 6) = + (a 0 1 + 1 0 6) o x + a6 

(3.5) (x + a)(x + 6 ) + (x + 5)(x + a) = 2x^ + ((a + 6 ) 0 1 + 1 0 (a + 6 )) o x + a 6 + 6 a 
Proof. The identity (3.4) follows from the equality 

(x + a)(x + 6) = x(x + 6) + a(x + 6) = x^ + x6 + ax + a6 
The identity (3.5) follows from the equality 

(x + a)(x + 6) + (x + 6)(x + a) = x(x + 6) + a(x + 6) + x(x + a) + 6(x + a) 

= 2x^ + x6 + ax + a6 + xa + 6x + 6a 

□ 


Theorem 3.4. 

(Cs.Q 0 Cs.l 0 Cs.2, CTs) o (x + a, X + 6) 

(3.6) = (Cs-O 0 Cs.l 0 Cs.2,crs) O X^ 

+ (Cs.oO-s(a)Cs.i 0 Cs.2 + Cs.o 0 Cs.iCrs(&)Cs.2) O X + Cs.oCrs{a)Cs.lCrs{b)Cs.2 
Proof. The identity (3.6) follows from the equality 
(Cs-O 0 Cs.l 0 Cs.2, CTs) O (x + a, X + 6) 

= Cs-OCTsix + a)cs.icrs(x + 6)Cs.2 

= Cs.o(a:: + crs(a))cs.i(x + (Ts(6))cs.2 

= Cs.o((a: + crs(a))cs.ix + (x + crs(a))cs.icrs(6))cs.2 

= Cs.o{xCs.lX + crs(a)Cs.lX + XCs-lCFsib) + crs(a)cs.icrs(&))cs.2 

□ 


4. Square Root 

Definition 4.1. The root x = i/a of the equation 

(4.1) x^ = a 

in D-algebra A is called square root of A-number a. □ 

In quaternion algebra the equation 

x^ = -1 

has at least 3 roots x = i, x = j, x = k. Our goal is the answer on the question 
how much roots has the equation (4.1). 

Theorem 4.2. Roots of the equation^^ 

(4.2) {a + xf = a^ 
satisfy to the equation 

(4.3) x^ + (l0a + a0l)ox = O 

Proof. The equation (4.3) follows from (3.1), (4.2). □ 

consider x as difference between 2 square roots. 
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Theorem 4.3. 

(4.4) 


X +(l®a + a(8)l)oa; = a;( -x + a I + ( -x + a\ x 


Proof. The identity (4.4) follows from the equation 
2 


/ , In In 

X + (1 0 a + a 0 1) o a; = -X + xa +—x + ax 


1 

= X I —X + a 


1 


-X + a j X 


□ 


Corollary 4.4. The equation 

(4.5) x^ + (l 00 + 00 l)ox = 0 


has roots x = 0, x = —2a. 


□ 


Theorem 4.5. x = j — i is a root of the equation 
(4.6) x^ + (l0z + i0l)ox = O 


Proof. According to the theorem 4.3, the equation (4.6) is equivalent to the equation 


(4.7) 


1 


1 


X —X + i + —X + i ] X = 0 


From the equation (4.7), it follows that 

(j - i){{j -i) + 2*) + {{j -i) + 2t)(j - i) 
= {j - i){j + *) + (j + *)(i - i) 

= U - ■i)j + U - 0* + U + 0(j - i) 

= f - U + j* - + f + ij - ji - 

= 0 


□ 


The question arises. How many roots has the equation (4.6). From the equation 

(4.8) x{x + 2a) + (x + 2a)x = 0 
it follows that 

(4.9) x(x + 2o) = — (x + 2o)x 

From the equality (4.9) it follows that product of A-numbers 2o + x, x is anti- 
commutative. 

Theorem 4.6. Lete be the basis of finite dimentional associative D-algebra. Let 
^ki structural constants of D-algebra A relative the basis e. Then 

(4.10) Ciiix’^x’- + x'^a’- + a'^x’-) = 0 

Proof. The equation (4.10) follows from the equation (4.8). □ 


Quadratic Equation over Associative Z)-Algebra 


19 


Theorem 4.7. In quaternion algebra, if a = i, then the equation (4.10) has set of 
solutions such that 

(4.11) a:° = 0 — 2a;^ = (x^)^ + {x^Y 


(4.12) 


- 2 < a;^ < 0 


Proof. Since a = i, then the equation (4.10) has form 


(4.13) 


According to the theorem 2.55, from (2.46), (4.13), it follows that 

(4.14) {x°f - {x^f - {x^f - {x^f - 2x^ = 0 

(4.15) 2a;°a;^ +2x° = 0 

(4.16) 2x°a;^ + — a;^ = 0 

(4.17) 


CLx’^x^ 

+ 

cL 

x’^ 

+ 

- 

- 

= 0 

C°x'^x' 

+ 

/^O 

x'“ 

+ 

(^0 k _ 
'-^IkX - 

= 0 

Ciix'^x'- 

+ 

cL 

x'' 

+ 

Clkx'^ - 

= 0 

Clx’^x^ 

+ 


x'' 

+ 

Clk^'^ - 

= 0 

Chx'^x^ 

+ 

Cti 

x'“ 

+ 

Clk^"^ -- 

= 0 


2x°x^ -x^ +x^ =0 


From the equation (4.15), it follows that either x° = 0, or x^ = —1. Since a;° = 0, 
then the equation (4.11) follows from the equation (4.14). The statement (4.12) 
follows from the requirement 

— (a:^)^ — 2a;^ > 0 

If = —1, then either x° = 0, or x^ = x^ = 0 . The statement x° =0, x^ = — 1 
is particular case of the statement of the theorem. The statement x^ = — 1, 
x^ = X® = 0 is not true, because the equation (4.14) gets form 

( x °)2 + 1 = 0 

□ 


Theorem 4.8. In quaternion algebra, if a = 1, then the equation (4.10) has 2 roots 


(4.18) 


x° = 0 x^ = 0 x^ = 0 x^ = 0 
x° =-2 x^ = 0 x^ = 0 x^ = 0 


Proof. Since a = 1, then the equation (4.10) has form 


n'i' 

+ 


+ 

r'i ^k _ 
^Ok^ - 

o 

II 

C°x'^x' 

+ 


+ 

(^0 k _ 
'^OkX - 

= 0 

Chx’^x^ 

+ 


+ 

- 

= 0 

Clix^x^ 

+ 


+ 

- 

= 0 

C^x'^x' 

+ 


+ 

cL^'^ -- 

= 0 


(4.19) 
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2x°x^ +2x'^ =0 
2x°x^ + 2x^ = Q 


From (2.46), (4.19), it follows that 

(4.20) {x°f - {x^f - {x^f - {x^f + 2x^ = 0 

(4.21) 2a;°a;^ + 2a;^ = 0 

(4.22) 

(4.23) 

From equations (4.21), (4.22), (4.23), it follows that either 

(4.24) x'^ =x'^ =x^ =0 
or = — 1 . 

Since the equation (4.24) is true, then, from the equation (4.20), it follows that 
either = 0, or x° = —2. So we get roots (4.18). 

Since x° = —1 , then the equation (4.20) has form 

(4.25) (x^f + (x^f + (x^f + l = 0 

The equation (4.25) does not have real roots. □ 

Theorem 4.9. 


(4.26) 


1 


1 


0 — = —(b — a){b + a) + -{b + a){b — a) 


2' /V ' / ■ 2' 

Proof. From the identity (3.1), it follows that 

(4.27) (a; + a)^ — = a;^ + (1 0 a + a 0 1 ) o a; 

From (4.4), (4.27), it follows that 


(x + af — = x I —X + a I + I -x + a I a; 


(4.28) 

Let b = X + a. Then 

(4.29) X = b — a 
From (4.28), (4.29), it follows that 


1 


b'^ — of = {h — a) [ -{b — a) + a ) + ( -{b — a) + a ) {h — a) 


(4.30) 


The identity (4.26) follows from the equality (4.30). 


□ 


5. Algebra with Conjugation 
According to the theorem 4.7, the equation 

x^ = -l 

in quaternion algebra has infinitely many roots. According to the theorem 4.8, the 
equation 

x^ = l 

in quaternion algebra has 2 roots. I did not expect so different statements. However, 
where is the root of this difference? 

Let e be the basis of finite dimentional H-algebra A. Let be structural 

constants of H-algebra A relative the basis e. Then the equation 

x^ = a 
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has form 
(5.1) 

relative to the basis e. The goal to solve the system of equations (5.1) is not easy 
task. 

However we can solve this problem when algebra A has unit and is algebra with 
conjugation. According to the theorem 2.42, 2.45, structural constants of H-algebra 
A has following form 

r<p — nP 

^ki — ^ik 

< n 1 < p < n 

Theorem 5.1. In D-algebra A with conjugation, the eguation (5.1) gets form 

(5.4) {xy+C°^x>‘x^ = a° 

(5.5) 2x°xP = aP 


(5.2) 

II 

O 

(5.3) 

/^k /^k 1 


1 < fc < n 1 < Z 


1 < k < n 1 < I < n 1 < p < n 


Proof. The equation (5.4) follows from (5.1), (5.2) when i = 0. The equation (5.5) 
follows from (5.1), (5.3) when i > 0. □ 

Theorem 5.2. Since y/a S ImA, then a G Re A . The root of the equation 

x^ = a 


satisfy to the equation 

(5.6) Chx'^x^ = a° 


l<fe<n 1 < I < n 


Proof. Since x G ImA, then 

(5.7) = 0 
The equality 

(5.8) qP = 0 1 < p < n 

follows from (5.5), (5.7). From the equality (5.8), it follows that a G ReA . The 
equation (5.6) follows from (5.4), (5.7). □ 

The theorem 5.2 says nothing about number of roots. However following state¬ 
ment is evident. 

Corollary 5.3. In quaternion algebra, since a G R, a < 0, then the equation 

x^ = a 


has infinitely many roots. 


□ 
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Theorem 5.4. Since Re-^a 7 ^ 0, then roots of the equation 

= a 


satisfy to the equation 

(5.9) - a\x°f + a'^a* = 0 


(5.10) 


x'^ = 


a 


k 


2x° 


1 < k < n 1 < I < n 


Proof Since x^ 7 ^ 0, then the equation (5.10) follows from the equation (5.5). 
The equation 

( 5 - 11 ) 

follows from equations (5.4), (5.10). The equation (5.9) follows from the equation 

(5.11) . □ 

Theorem 5.5. Let H be quaternion algebra and a be H-number. 

5.5.1: Since Ke^/Ey^O, then the equation 

x^ = a 

has roots x = Xi, x = X 2 such that 

(5.12) X 2 = —xi 


5.5.2: Since a = 0, then the equation 

x^ = a 

has root x = 0 with multiplicity 2 . 

5.5.3: Since conditions 5.5.1, 5.5.2 are not true, then the equation 

x^ = a 

has infinitly many roots such that 
(5.13) X G Imi? aGKeH \x\ = y/—a 


Proof. The equation 

(5.14) (x°)2 - (x^)2 - (x^)^ - (x^)2 = a° 

follows from (2.46), (5.4). 

If a = 0, then the equation 

(5.15) (x°)^ - (x^)^ - - {x^f = 0 

follows from the equation (5.14). From (5.5), it follows that either x° = 0, or 
x^ = x^ = x^ = 0. In both cases, the statement 5.5.2 follows from the equation 

(5.15) . 
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Since Rei/a ^ 0, then we can apply the theorem 5.4 to the equation (5.14). 
Therefore, we get the equation 

(5.16) (x°)4 - a\xy - + (a^f) = 0 

which is quadratic equation 

(5.17) - a°y - ^((a^^ + (a^)^ + (a^)^) = 0 
relative 

(5.18) y = {xy 

{a^ + + {a^f > 0 

then we have to consider two cases. 

• Since 

{a^f + {a^f + {a^f>0 

then, according to Viete’s theorem, the equation (5.17) has roots y = yi, 
yi < 0, and y = y 2 , y 2 > 0. According to the equality (5.18), we consider 
only the root y = y 2 , y 2 > 0. Therefore, the equation (5.16) has two roots 


(5.19) = x°=-^ 

The equality (5.12) follows from equalities (5.10), (5.19). 

A n 

(al)2 + („2)2 ^ (^3)2 ^ 0 

then 

(5.20) = o'* = 0 
Since Re ^/a ^ 0, then the statement 

(5.21) = x'^ = = Q 

follows from (5.10), (5.20). Therefore, the equation (5.17) has form 

(5.22) ^ 0 

According to the proof of the theorem 5.4, the value y = 0 is extraneous 
root. Therefore, the equation (5.22) is equivalent to the equation 

(5.23) y-a° = 0 

Let^"^ a° > 0 . From equations (5.18), (5.23), it follows that the equation 
(5.16) has two roots 


(5.24) 


^0 _ 


Xo = —V a'^ 


The equality (5.12) follows from equalities (5.10), (5.24). 


considered the value = 0 in the statement 5.5.2. We considered the value < 0 
in the statement 5.5.3. 
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Since conditions 5.5.1, 5.5.2 are not true, then a 7 ^ 0; however Re-^a = 0. 
According to the theorem 5.2, a € Re A , a° 7 ^ 0 and the equation 

(5.25) {x^f + {x^f + {x^f = -a° 

follows from the equation (5.6) and from the equality (2.46). Let^® a° < 0 . Then 
the equation (5.25) has infinitely many roots satisfying to condition (5.13). □ 

6. Few Remarks 
1 was ready to the statement that the equation 

x^ = a 

has infinitely many roots. However the theorem 5.5 is more surprising. A number 
of roots in quaternion algebra H depends on the value of H-immher a. 

Square root in complex field C has two values. We use Riemann surface^® RC 
to represent the map 

^ : z € C ^ y/z € RC 

I think that we can consider similar surface in quaternion algebra. However the 
topology of such surface is more complicated. 

Mathematicians have studied the theory of noncommutative polynomials dur¬ 
ing the XX century; and knowledge of the results obtained during this time is 
important to continue research. 

In the book [13], on page 48, Paul Cohn wrote that study of polynomials over 
noncommutative algebra A is not easy task. To simplify the task and get some 
preliminary statements, Paul Cohn suggested to consider polynomials whose co¬ 
efficients are A-numbers and written on the right. Thus, according to Cohn, a 
polynomial over H-algebra A has form 

p{x) = oo -I- xai -I- ... -I- a;"a„ ai G A 

This convention allowed us to overcome difficulties related with noncommutative 
algebra and to get interesting statements about polynomials. However, in general, 
not every statement is true. 

We consider the following example. In the book [14], page 262, Tsit Lam con¬ 
siders polynomials whose coefficients are A-numbers and written on the left.^^ Ac¬ 
cording to Tsit Lam, the product of polynomials has form 

(6.1) {x — a){x — b)=x^ — {a-\- b)x + ab 

The product (6.1) of polynomials is not compatible with the product in H-algebra 

A. 

Although we can consider the equation (6.1) as generalization of the Viete’s 
theorem,^® Tsit Lam draws our attention to the statement that A-number a is not 
the root of the polynomial /. I think, this one of the reason, why the definition of 
left, right and pseudo roots was considered in [2, 14]. 

My road into the theory of noncommutative polynomials passes through cal¬ 
culus ( section [8]-4.2 ). Somebody’s road may passes through physics. I think 

considered the value a® > 0 5.5.1. 

^®The definition of Riemann surface see [15], pages 170, 171. 

^^The difference in notation used by Cohn and Lam to represent polynomial is not important. 
^®In the proposition [2]-l.l, Vladimir Retakh considered another statement for the Viete’s 
theorem for polynomial over noncommutative algebra. 
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that mathematical operation must be consistent with request from other theories. 
Development of new ideas and methods gives us possibility of advance in study of 
noncommutative polynomials. Development of new ideas and methods allows us to 
move forward in the study of noncommutative polynomials. The goal of this paper 
is to show what future do we have today to study noncommutative polynomials. 

7. Questions and Answers 

In this section, I collected questions that must be answered to study noncom¬ 
mutative polynomials. We will concentrate our attention on quadratic equation 

(7.1) (os.Q 0 ag-i 0 0 ^. 2 ) o x'^ + {bt-o 0 h-i) ox + c = Q 

on the Viete theorem and on completing the square. 

Let r{x) be a polynomial of order 2. According to the definition 2.51, polynomial 

p{x) = a; — a=(l 0 l)ox — a 

is divisor of polynomial r{x), if there exist polynomials qi.o{x), qi.i{x) such that 

(7.2) r{x) = qi.o{x)p{x)qi.i{x) 

According to the theorem 2.52, for every i, the power of one of the polynomials 
qi.o{x), qi.i{x) equals 1, and the other polynomial is A-number. Since the poly¬ 
nomial r has also root 6, is it possible to represent the polynomial r as product 
of polynomials x — a, x — b. In what order should we multiply polynomials x — a, 
X — b? Considering the symmetry of roots a and b, I expect that factorization of 
polynomial p{x) into polynomials has form 

(7.3) r{x) = (c, a) o {x - a,x - b) = (c^.g 0 c^.i 0 Cs.2, CTs) o (x - a, x - b) 

Question 7.1. Let either a ^ Z{A), b ^ Z{A), or a ^ Z{A), c ^ Z{A). Let 
polynomial p{x) have form 

(7.4) p{x) = {x — b){x — a) + [x — a){x — c) 

7.1.1: Is the value x = a a single root of the polynomial p{x) or is there another 
root of the polynomial p(x) ? 

7.1.2: Is there a representation of the polynomial p{x) in the form (7.3). 

□ 

Let a, b £ Z{A). Then 

{x — b){x — a) = x^ — bx — xa + ba = x^ — xb — ax + ab = {x — a){x — b) 
and we can reduce expression of the polynomial (7.4) 

p(x) = {x — b)(x — a) -|- (x — a)(x — c) = {x — a)(x — b) + (x — a)(x — c) 

= {x — a){2x — b — c) 

The answer is evident. So we set either a ^ Z{A)^ b ^ Z{A), or a ^ Z{A), 
c^Z{A). 

From construction considered in subsection 1.2, it follows that quadratic equation 
may have 1 root. Now I am ready to give one more example of quadratic equation 
which has 1 root. 

Theorem 7.2. In quaternion algebra, there exists quadratic equation which has 1 
root. 
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Proof. According to the theorem 2.56, the polynomial 

p{x) = jx - xj -I 

does not have root in the quaternion algebra. Therefore, the polynomial 
p{x){x — i) = (jx — xj — l){x — i) = jx^ — xjx — X — jxi — xk + i 
has 1 root. □ 

Theorem 7.3. In quaternion algebra, there exists quadratic equation which has no 
root. 

Proof. According to the theorem 2.56, polynomials 

p{x) = jx -xj -1 
q{x) = kx — xk — 1 

do not have root in the quaternion algebra. Therefore, the polynomial 
p{x)q(x) = {jx — xj — l){kx — xk — 1) 

= {jx — xj — l)kx — {jx — xj — l)xk + jx — xj — 1 
= jxkx — xjkx — kx — jxxk + xjxk -\- xk + jx — xj — 1 
= jxkx — jx'^k + xjxk — xix — kx + xk + jx — xj — 1 
has no root. □ 

Question 7.4. Whether there are irreducible polynomials of degree higher than 2 ? 
What is the structrure of the set of irreducible polynomials? □ 

Question 7.5. Does the set of roots of polynomial (7.3) depend on tensor a and 
the set of permutations a? □ 

Question 7.6. For any tensor bi.Q ® bi.i € A® A, is there A-number a such that 

(7.5) l®a + a(8)l = bi.Q 0 bi.i 

□ 

Let answer to the question 7.6 be positive. Then, using the identity (3.1), we can 
apply the method of completing the square in order to solve reduced quadratic 
equation 

x'^ + {ps-o ® Ps-i) ox + q = 0 

There is good reason to believe that answer to the question 7.6 is negative. 

The set of polynomials (7.3) is too large to consider the Viete’s theorem. The 
Viete’s theorem assumes reduced quadratic equation. Therefore, to consider the 
Viete’s theorem, we must consider the polynomials whose coefficient before x'^ is 
equal to 1 0 1 0 1. The simplest form of such polynomials is 

(7.6) c{x — xi){x — X 2 ) + d{x — X 2 ){x — xi) = 0 
where c, d are any A-numbers such that 

c + c? = 1 
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(7.8) 

(7.9) 

(7.10) 


Theorem 7.7 (Frangois Viete). Since quadratic equation 
(7.7) + {ps-o®Ps-i) ° X + q = Q 

has roots x = Xi, x = X 2 , then there exist A-numhers c, d, 

c + d = 1 

such that one of the following statements is true 

Ps-o ^Ps-i = —((ca;i) (g) 1 + c 0 a :2 + {dx 2 ) 0 1 + d 0 xi) 
q = CX 1 X 2 + dx 2 Xi 

Ps-o 013s.i = -((a^ic) 0 1 + 10 ( 0 x 2 ) + {X 2 d) 0 1 + 10 (dxi)) 
q = X 1 CX 2 + X 2 dxi 

Ps-o ® Ps-l = -(a;i 0 C + 1 0 {X 2 C) + X 2 0 + 1 0 {xid)) 

q = X 1 X 2 C + X 2 Xid 
Proof. The statement (7.8) follows from the equality 
c{x — xi){x — X 2 ) + d{x — X 2 ){x — Xi) 

= c(x — Xi)x — c{x — X\)X2 + d{x — X2)x — d{x — X2)xi 
= CX^ — CXiX — CXX2 + CXiX2 + dx^ — dX2X — dxxi + dX2Xi 
= X^ — CXiX — CXX2 — dX2X — dxxi + CX1X2 + dX2Xi 
The statement (7.9) follows from the equality 

(x — xi)c{x — X 2 ) + (a; — X 2 )d{x — xi) 

= {x — xi)cx — {x — xi)cx2 + (a; — X2)dx — (x — X2)dxi 
= xcx — xicx — XCX2 + xica;2 + xdx — X2dx — xdxi + X2dxi 
= x^ — xicx — XCX2 — X2dx — xdxi + a;icx2 + a;2da;i 
The statement (7.10) follows from the equality 

{x — xi){x — X2)c + (a; — X2){x — xi)d 
= {x — xi)xc — (x — xi)x2C + (a: — X2)xd — (x — X2)xid 
= x'^c — xixc — XX2C + X1X2C + x'^d — X2xd — xxid + X2Xid 
= x^ — xixc — XX 2 C — X2xd — xxid + xia:2C + X2Xid 


(7.11) 


(7.12) 


(7.13) 


□ 


Question 7.8. In the theorem 1.1, did I list all possible representation of reduced 
equation (7.7) ? □ 

We consider the question 7.1 from the point of view of the theorem 7.7. Let the 
polynomial 

(7.14) p{x) = (x — b)(x — a) + (x — a)(x — c) 
have roots x = a, x = d. There exist A-numbers /, g, 

f + g = i 

such that 

(7.15) 2afd+2dga = ba + ac 

We have got the equation of power 2 relative two unknown. 
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Question 7.9. Let x = xs be the root of polynomial (7.3). Will the polynomial 
p{x) change when we use value X3 instead of value X2- D 

Values X = i, X = —i generate polynomial 

p{x) = {x — i){x + i) + (a; + i){x — i) 

= x(x + i) — i{x + i) + (a; + i)x — {x + i)i 

(7.16) 2 ■ ■ -2 2 . ■ -2 

= X + XI — IX — l + X + IX — XI — I 

= 2x^ + 2 

Values X = i, X = —j generate polynomial 

q{x) = {x- i){x+j) + {x + j){x - i) 

= x{x + j) — i{x + j) + (a; + j)x — (a; + j)i 

(7.17) 2 . . .. 2 . . 

= X + XJ — IX — tj + X +JX — XI — JI 

= 2x^ + x{j — i) + {j — i)x 

As we can see, polynomial p{x), q{x) are different. Even more 
q{-i) = 2(-if + (-i)(j -i) + (j - i)(-i) 

(7.18) = 2(-l) + (-i)j - (-i)i + j(-i) - i(-i) 

= -2 - ij +i^ - ji + = -2 + = -4 
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KBa/];paTHoe ypaBHeHHe na/i; accopHaTHBHoft D-ajireGpoii 


AjieKcaH/i;p Rjichh 


AHHOTAqHH. B cxaTbe paccMaxpHEaeTCH KBa^paxHoe ypaBHeHHe na^ accoLi,H- 
axHBHOH Z)-ajire6poH. B ajire6pe KBaxepHHOHOB i7, ypaBHeHHe = a HMeex 
jih6o 2 KOpHH, jih6o 6ecKOHeHHO MHoro KopHeii. Ecjih a E -R, a < 0, xo ypaBHe¬ 
HHe HMeex 6ecKOHeHHO mhoxo KOpHeii. B npoxHBHOM cjiynae, ypaBHenne HMeex 
KOpHH xi, X2, X2 = —xi. 51 paccMOxpeji BapnanxEi xeopeMbi Bnexa h bo3- 
MOHCHOCxb HpHMeHHXb Mexo^ Bbi^ejieHHH HOJiHOxo KBa^paxa. 

B ajire6pe KBaxepHHOHOB cymecxByex KBa;],paxHoe ypaBHenne, Koxopoe jih- 
6o HMeex 1 KOpenb, jih6o ne HMeex KOpHen. 
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1. IIPEflHCJIOBHE 

1.1. npe/i;HCJioBHe k H3/];aHHK) 1. Mhoto jiot nasafl, b ce^bMOM Kjiacce na ypo- 
Kax ajireGpbi, moh ynHTejibHHpa nayanjia Mena peinaTb KBa^paTHbie ypaBHenna. 
3 to He 6bijio cjiojKHO. Xoth noTpeOoBajiocb BpeMH, HTo6bi sanoMHHTb cjjopMyjiy, 
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npocTaa H^ea Bbi^eaenHa noanoro KBa^paTa Bcer;i,a nosBoaaaa BbinoanaTb Heo6- 
xo^HMbie BbiHHcaeHHa. 

HecMOTpa na Kaacymyioca npocTOTy, Kaayzpjift pas ysnasaa hto-to hobob, a hc- 
nbiTbiBaa pa^ocTb OTKpbiTHa. C ro^aMH 6oaee caabHbie ayBCTsa npHTynaaH boc- 
noMHHaHHe 3Toro ayscTBa. Ho cyflb6a naina nenpeflCKaayeMa h HHor^a aio6HT no- 
myTHTb. Hasafl b niKoay. H onaTb yaycb pemaTb KBa^paTHbie ypaBHenaa, asyaaio 
CTaH/i,apTHbie aare6paHaecKHe Toac/i,ecTBa. 

3to HeBaacHO, hto a Hayaaio HeKOMMyTaTHBHyio aare6py BMecTO fleiiCTBHTeab- 
Hbix HHcea. HaMaTb Be^eT Mena no nsBecTHon flopore, h a eft ;i,OBepaio. F^e-TO tbm, 
sa noBopoTOM, Mena acflCT pa;i,0CTb hobofo OTKpbiTna. 

HiOHb, 2015 


1.2. npe/i;HcaoBHe k H3;],aHHio 2. BcKope nocae nyOanKapHH CTaTbn, a namea 
OTBBT na Bonpoc 7.1 b CTaTbe [9]. B stoh CTaibe aBTopbi paccMaTpnBaiOT ypaBnenna 

BHfla 


( 1 . 1 ) 


xpox* + xQ + Rx* = S 


Tflfi Q, R, S - iF-ancaa h po € R. HocKoabKy 

X* = — -{x + ixi + jxj + kxk) 
B aareOpe KBaTepnnoHOB, to ypaBnenne (1.1) HMeex bh^ 


( 1 . 2 ) 


2 PO . . PO . . PO , , 

Pqx ——xixi —^xjxj ——xkxk 

„ R R. . R . . R, , o 

+ xU - X - ixi - 1 X 1 - kxk = b 

^ 2 2 2 2 


B CTaTbe [9], p,aH noanbift anaana peniennii ypaBnenna (1.1) (xeopeMa [9]-2 na 
CTpannpe 7). 

Op,HaKO Mena CMyTna Bapnanx 2, Korp,a ypaBnenne Moacex nMexb o/i,nn Kopenb. 
CoraacHO p,OKa3aTeabCTBy, mm noaynaeM eflnncTBenHbiH Kopenb. Op,HaKO npax- 
HOCTb 3Toro Kopna p^oaacna 6biTb 2, Tan nan 3 to Kopenb KBa/i,paTnoro ypaBnenna. 
no3TOMy a penina npoBepnxb 3 tot napnanT na KonKpexnoM ypannennn. 51 Bbi6paa 
K03(J)4)nn,nenTbi 


Q = Ai R = —4j po = 8 
B 3T0M caynae ypasnenne (1.1) nMeex nnp, 

(1.3) x8x* + 4xi — 4jx* = —1 — 2k 


n nMeex ep,nncTBennbiH Kopenb 

(1.4) 


R —4i — 4 7 1 , , 


TaK KRK ypaBHeHHH (1.1), (1-2) SKBHBajieHXHbi, TO ypaBCHHe (1.3) motkiio sanHcaTB 

B BH;i,e 


(1.5) 


p{x) = 0 
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r;i,e MHoroHjien p{x) HMeeT bh^ 


p{x) = (—4 (g)l(g)l — 4®i(g)i — 4(g)j(g)j — 4®fc(g)fc)oa;' 


.2 


+ (4 (g) z + 2j (g) 1 — (g) i — 2 (g) j + 0 fc) o a; + 1 + 2A: 

= (—4x^ — Axixi — 4:xjxj — Axkxk 
+ 4xz + 2jx — 2kxi — 2xj + 2ixk + 1 + 2A: 


Trk kbk (1.4) aBjiHCTca KopneM ypaBnenHa (1.5), to MHoroajien 



aBjiaeTca flejiHTejieM MHoroajiena p{x). HpaMenaa ajiropaxM ;i,ejieHHa, paccMOx- 
peHHBiH B xeopcMe 2 . 53 , mbi noayaaM 


p{x) = — 4(jf(x)(x + ixi + jxj + kxk — i) 

+ Q{x)ii - j) - iq{x){\ - k) + jq{x){k + 1) - kq{x){j + i) 


( 1 . 8 ) 


BBipaacenae (1.8) ne ^aex oxBexa na nocxaBjieHHBifi Bonpoc. IIoaxoMy a ocxaBjiaio 
BOnpOC 7.1 OXKpBIXBIM. 

9 x 0 HHxepecHBiH noBopox. OcHOBnaa sa^ana axoit cxaxbn 6 bijia noKaaaxB, axo 
HOKOxopBie nflpji Moryx o 6 jieraHXb HCCJieflOBaHae b o 6 aacxH HeKOMMyxaxHBHOli aji- 
re 6 pbi. B xoace speMa, axa cxaxba no^HHMaex Bonpoc o 6 acjacjaeKXHBHOCxH ajiropnx- 
Ma flejieHHa, paccMOxpeHHoro b xeopeMe 2 . 53 . 9 xo xopoino. Hxo 6 bi peniHXb aa^any, 
Mbi flOjiacHbi ee yBH^exb. 

TeM He Menee, paccMoxpHM peayjibxax ;i,ejieHHH 6ojiee noflpo6HO. 


p{x) =(— 4 0 (a; + ixi + jxj + kxk — i) 

+ 1 0 (z — j) — i 0 (1 — fc) + j 0 (fc + 1) — /c 0 (j + i)) o q{x) 


HacxHoe ox ;i,ejieHHa - axo xenaop 

s{x) = — 4 0 (a; + ixi + jxj + kxk — i) 


+ 1 0 (z — j) — z 0 (1 — fc) + j 0 (fc + 1) — fc 0 (j + z) 


KOxopbiH jiHHefiHO aaBHCHx ox X. CorjiacHO xeopeMe [ 9]-2 na cxpanHpe 7 , SHaacHHe 
a;, oxjiHHHoe ox SHaaenHa (1.4) ne aBaaexca KopneM xenaopa s(a;). Ha paBencxBa 


+ j)) = 2 0 (-Z - j) + 4 0 z 


+ 1 0 (z — j) — z 0 (1 — fc) + j 0 (fc + 1) — fc 0 (j + z) 

= —2 0z — 20J+40Z 

+ l0z—l0j — Z0l + z0fc + j0/c + j0l — fc0j — fc0z 
= -3 0 j + 3 0 z 

— z0l + z0fc+j0fc + j0l — fc0j — A:0z 


cjieflyex, axo anaacHHe x (1.4) ne aBjiaexca KopneM xenaopa s(a;). 

Hxo6bi ayame nonaxb KOHCxpyKpnio, Koxopyio mbi cefiaac ysHfleaH, paccMOxpHM 
MHoroaaen c HaBecxHbiMH KopnaMH, nanpHMep, 

p{x) = 2{x — i){x — j) + {x — j){x — i) = ‘ix^ — 2ix — 2xj — jx — xi + k 
H no;i,eaHM axox MHoroaaeH na MHoroaaen 


r{x) = X — i 
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IIpHMeHHH ajiropHTM ;i,ejieHHH, paccMOTpeHHbiii b TeopeMe 2.53, mbi nojiyTiHM 
p{x) = 3{r{x) + i)x — 2ix — 2xj — jx — xi + k 
= 3r{x)x + ix — 2xj — jx — xi + k 

= 3r{x)x + i{r{x) + *) — 2{r(x) + i)j — j{r{x) + i) — {r{x) + i)i + k 
= 3r{x)x + ir{x) — 2r(x)j — jr{x) — r{x)i 
= (3®a; + i®l — 2(g)j — j®l — l(g)i)o r[x) 


Cjie,zi,OBaTejibHO, nacTHoe ot ^ejieHHH MHoroHjiena p{x) na MHoroHjien r{x) - 3to 
T eH3op 

s{x) = 3®a; + i0l — 2®j — j0l — 

O^ieBHflHO, HTO 

s(j) = 1 (g) (j — j) — (j — 0 1 ^ 0 0 0 

Ho 

s{j)or{j) = 0 

O^ieBn^HO, HTO 3TOT MeTO.li, He paGoTaeT b cjiynae KpaxHbix KopHeft. 

H noKa He totob paccMOxpeTb ^ejieHHe MHoroHjiena (1.6) na MHoroHjien bto- 
poH cxeneHH. OnHpaacb na bh^ MHoroHjiena (1.6), mbi MonceM npeflnojiOHCHXb, hto 
flejiHxejib HMeex bh.ii, 

r(x) = —-(4x — i — j){4:X — i — j) — ^(4a; — i — j)i{4:X — i — j)i 

- ^{4x - i - j)j{4x - i - j)j - ^{4x - i - j)k{4x - i - j)k 

OflHaKO, OHeBHflHO, Hxo r{x) € R .n,jiH jiioGoro x. 3xo paccy}K.n,eHHe OKOHHaxejiBHO 
y6eflHjio MeHH, hto xeopeMa [9]-2 na CTpaHHpe 7 Bepna. 

HHBapb, 2016 


2. HPEflBAPHTEJIbHblE OnPEflEJlEHHH 

2.1. yHHBepcajibHM ajire6pa. 

Onpe/i,ejieHHe 2.1. Am6ux MHooKecme^ A, B, .zi;eKapTOBa CTenenb - 

amo MHoxKecmeo omo6paatceHuu 


Onpe/i;ejieHHe 2 . 2 . Bycmb dano MHoatcecmeo A u v,eJioe hucjio n > 0 . Omo6pa- 

OKCHUe^ 

Lu: A^ ^ A 

HaaueaemcH n-apHoft onepapHeft na MHOJKecTBe A uau npocmo onepapHeft 
Ha MHOHcecTBe A. JJ,asi aki6ux ai, ..., a„ € mu noAtayeMCH ak)6ou u3 (fiopM 
sanucu a;(ai,...,a„), ai...a„a; Baa o 6 o 3 HaHeHUA o 6 pa 3 a omo6pacnceHUA oj. □ 

SaMenaHHe 2 . 3 . CozAacno onpedeAenuAM 2 . 1 , 2 . 2 , n-apnaA onepayuA w € A^ . 

□ 


^ 51 cjienym onpeflejieeHKi h 3 npHMepa (iV), [11], CTpaHHLi,bi 17, 18. 

^ OnpenejieHHe 2.2 onHpaeTCH na onpeflejienHe b npHMepe (vi), CTpaHHpa [ll]-26. 
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Onpe/];ejieHHe 2.4. 06jiacTb onepaTopoB - amo HocHcecmeo onepamopoe^ 
BMecme c omo6pacm:eHueM 

a : Q, ^ N 

Ecjiu uj G , mo a(uj) nasueaemcM apnocTbro onepamopa uj. Ecjiu a(oj) = n, 
mo onepamop ui nasueaemcM n-apHUM. Mu nojibaycMCM o6o3HaHeHueM 

ri(n) = {w £ ri : a{u}) = n} 

Bar MHOMcecmea n-apHux onepamopoe. □ 

Onpe/i;ejieHHe 2 . 5 . Uycmti A - MHoonzecmeo, a - oBjiacmti onepamopoe.'^ Ce- 
Meucmeo omoOpaoKenuu 

n{n) nG N 

HaaueaemcH cmpyKmypou Vi-ajizeBpu na A. MnocHcecmeo A co cmpyKmypou O- 
ajize6pu nasueaemcM ri-ajire6poH An ujiu yHHBepcajibHoft ajire6poH. Mho- 
oKecmeo A nasueaemcsi HOCHTejieM ri-ajire6pbi. □ 

06jiacTb onepaTopoB onHCbieaeT MHOJKecTBO ll-ajireGp. 3jieMeHT MHOJKecTBa 
HasbiBaeTCH onepaTopoM, Tax kbk onepapna npe^nojiaracT HCKOTopoe MHOxe- 
CTBO. CorjiacHO saMeHannio 2.3 h onpe;i,ejieHHK) 2.5, KajK^OMy onepaTopy lo G f2(n) 
conocTaBjiaeTCH n-apnaa onepapHa w na A. 

OnpepejieHHe 2 . 6 . IJycmb A, B - Q-ajize6pu u uj G ^l{n). OmoBpaoHzeHue^ 

f-.A^B 

cozAacoeano c onepayueu ui, ecAu, Baa amBux ai, a„ G A, 

( 2 . 1 ) f{ai)...f{a„)uj = f{ai...a„uj) 

OmoSpaomeHue f nasueaemcA roMOMop4>H3MOM Vl-aAzeBpu A e Q-aAze6py B, 
ecAu f cozAacoeano c KaofcBuM w £ 11 . □ 

OnpepejieHHe 2 . 7 . Eomomop^usm, ucmoHHUKOM u yeAtim Komopozo AeAsiemcA 
oBna u maotce aAzeBpa, nasueaemcA SHpoMopcJjHSMOM. □ 

2.2. IIpepcTaBJieHHe yHHBepcajiBHoii ajire6pbi. 

OnpepejieHHe 2.8. Uycmb MHooKecmeo A ASAAemcAGl-aAzeBpou. 9 hBomop^u3m 
t £ End(f2; A) Ha3ueaemcA npeoGpasoBaHHeM yHHBepcajiBHoft ajire6pbi A. 

□ 

OnpepejieHHe 2 . 9 . Uycmb MHooicecmeo A2 ABAAemcn ^l2-aAze6pou. Bycmb na 
MHootcecmee npeo 6 pa 3 oeaHuu End(ll 2 ;A 2 ) onpeBeAena cmpyKmypa fli-aAze6pu. 

rOMOMOp^U 3 M 

/ : Ai -)> End(ll 2 ; A 2 ) 

VLi-aAze6pu Ai e Hi-aAzeBpy End(n 2 ;A 2 ) nasueaemcA npepcTaBJieHHeM Hi- 
ajire6pbi uau Ai-npepcTaBJieHHeM e H2-aAze6pe A 2 . □ 

Mbi 6 ypeM TaKJKC nojibsOBaTBca aanacBio 

/ : Ai —A 2 

pjia o6o3HaaeHHa npepcTaBjienHa f 2 i-ajire 6 pbi Ai b r 22 -ajire 6 pe A 2 . 


^ cneflyto onpeflejienHKi 1, CTpaHHii,a [ll]-62. 
^ a cjieflyKi onpeflejieHHKi 2, CTpaHHii,a [ll]-62. 
51 cjieflyK) onpeflejieHHK) na CTpaHHi;e [ll|-63. 
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Onpe/];ejieHHe 2.10. Mu 6ydeM Hasueamt npedcmaeAenue 

f : Ai —*—^ A2 

ili-aA 8 e 6 pu Ai acJxJieKTHBHMM,® ecAu omo 6 pamceHue 

f : Ai^ End(f 22 ;^ 2 ) 

jieAJiemcA u 30 Mop^u 3 MOM ni-aAee6pu Ai e End(r 22 ; ^ 2 )- D 

Onpe/i;ejieHHe 2.11. Uycmti 

f : Ai A2 

npedcmaeAenue VLi-aAze6pu Ai e VL2-aAze6pe A2 u 

g : Bi B2 

npedcmaeAenue Qi-aAzedpu Bi e Q 2 -<iAze 6 pe i? 2 - /Jaa i = 1, 2, nycmu omo6pa- 
CHcenue 

Ti ■ Ai — Bi 

AeAsiemcA zomomop^u3mom Qj-aAze6pu. Mampuya omodpaatcenuu (ri r2) ma- 
Kux, umo 

(2.2) r 2 o f (a) = g{ri (a)) o r 2 

naeueaemcA mop<J)H 3 mom npeflCTaBJieHHii vi 3 f b g. Mu maKonze 6 ydeM zoeo- 
pum-b, umo onpedcAcn Mop<J)H3M npe^cTaBJieHHH Oi-ajire 6 pbi b 02 -aJire 6 - 

pe. □ 

SaMenaHHe 2.12. Mu mochccm paccMampueamu napy omodpaatcenuu ri, r 2 kgk 
omodpacHcenue 

F : Ai LI A2 ^ BiU B2 

maKoe, umo 

F(Ai) = Bi F{A2) = B2 

TIoamoMy e daAuneumeM Mampuyy omodpaatcenuu (ri r 2 ) mu dydcM maKotce 
naeueamb omodpaotcenucM. □ 

Onpe/];ejieHHe 2.13. Ecau npedcmaeAenuA fug coenadamm, mo Mopf)U3M nped- 
cmaeACHUu (ri r2) naeueaemcA Mop(J)H3MOM npeflCTaBJieHHH /. □ 

Onpe/i;ejieHHe 2.14. Bycmb 

f : Ai —*—^ A2 

npedcmaeAenue Vli-aAzedpu Ai e VL2-aAze6pe A2 u 

g : Ai —*—s- B2 

npedcmaeAenue VLi-aAze 6 pu Ai e n 2 -aAze 6 pe - 62 - Bycmb 

^id : Ai —>■ Ai r2 '■ A2 —^ 1 ? 2 ^ 

AnajiorHMHoe onpe^ejieHHe 34)4>eKTHBHoro npe/^cxaBjieHHH rpynnbi cmotph b [16], CTpanHpa 
16, [17], CTpaHHpa 111, [12], CTpaHHii,a 51 (Koh naabiBaeT xaKoe npe,i],CTaBjieHHe TOMHbiM). 
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Mop(pu3M npedcmaeAenuu. B amoM cAyuae mu mookcm omootcdecmeumt) Mop^usM 
(id, R) npedcmaeAenuu D,i-aAze6pu u coomeemcmeymuj,uu zomomop^usm R il,2-aA- 
ee6pu u 6ydeM nasueamu zoMOMop^usM R npHsefleHHbiM mop4>h3mom npe/i;- 
CTaBJieHHH. Mu 6ydeM noAusoeamucM duazpaMMOu 


(2.3) 



Ai 


dAA npedcmaeACHUH npueedennoao Mop(pu3Ma R npedcmaeAenuu ili-aAzedpu. He 
duaepaMMU CAedyem 

(2.4) r 2 0 f{a) = g{a) or 2 

Mu 6ydeM maKcuce noAueoeamucA duaepaMMOu 



Ai 



eMecmo duazpaMMu (2.3). 


□ 


2.3. Moflyjib Ha/I, KOMMyTaTHBHtlM kojibli,om. 


Onpe/i;ejieHHe 2 . 15 . Hycmu KOMMymamuenoe KOAuyo D uMeem eduuuyy 1 . 9 ^- 
^enmuBHoe npedcmaeAeuue 

( 2 . 5 ) f:D-*^V f{d):v^dv 

KOAuya D e adeAceou apynne V naeueaemcM MOflyjieM Ha/i; KOJitpoM D uau 
D- mofxynBM.. S^^eKmueuoe npedcmaeAenue ( 2 . 5 ) noAA D e adeAeeou zpynne V 
naeueaemcA BeKTopHbiM npocTpancTBOM na/i, nojieM D uau D-BBKTopHbiM 
npocTpancTBOM. □ 

TeopeMa 2 . 16 . SACMenmu D-ModyAA V ydoeAemeopAwm eoomnomeHUAM 

• aaKOHy accopnaTHBHOCTH 

( 2 . 6 ) {ab)m = a{bm) 

• SaKOHy /];HCTpH 6 yTHBHOCTH 

( 2 . 7 ) a(m + n)=am + an 

( 2 . 8 ) (a + b)m = am + bm 

• SaKOHy yHHTapHOCTH 

( 2 . 9 ) 

dAA Awdux a, b £ D, m, n £V. 


Im = m 
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/(oKasamejibcmeo. TeopcMa HBjiaeTCH cjie;i,CTBHeM TeopeMbi [7]-4.1.3. □ 

Onpe/i;ejieHHe 2.17. Ilycm'b Ai, A 2 - D-Modyjiu. UpueedenHuu Mop(fiu3M nped- 
cmaeABHUu 

f : Ai ^ A 2 

D-ModyjiR Ai 6 D-Modyjit) A 2 Haaueaemcsi jiHHeftHbiM OTo6pa>KeHHeM D-mo- 
dyAM Ai e D-ModyAt) A 2 . 06o3Hav,uM C{D]Ai]A 2 ) MHocHcecmeo AuneuHux omo6- 
pacHceHuu D-ModyAA Ai e D-ModyAb A 2 . □ 

TeopeMa 2.18. JIuHtuHoe omo6paDtceHue 

f '■ A\ ^ A 2 

D-ModyAM Ai 6 D-ModyAh A 2 ydoeAemeopMem paeeHcmeaMJ 

( 2 . 10 ) fo[a + b) = foa + fob 

(2.11) f o {pa) = p{f o a) 

a,b € Ai p € D 


J]{oKa3ameAt>cmeo. TeopeMa HBjiHeTca cjie^CTBHeM TeopeMbi [7]-4.2.2. □ 


Onpe/i;ejieHHe 2.19. Uycrnb D - KOMMyrnamuenoe KOAtyo. Uycrnb Ai, A„, 
S - D-ModyAu. Mbi 6ydeM Ha3ueam'b omoOpaatceHue 

f : Ai X ... X A„ —>■ S 


nojiHJiHHeiiHbiM OTo6pa»ceHHeM ModyAeu Ai, An e ModyAb S, ecAu 
f o {ai,...,ai + bi, ...,an) = f o {m, ...,an) + / o (oi, ...,bi, ...,an) 

f ^ (^15 ■ • ■; P^i 5 ■ • ■; ^n) — Pf ^ (^1; ; • ■ •; ^n) 

1 < i < n ai,bi £ Ai p G D 


□ 


Onpe/i;ejieHHe 2 . 20 . Uycmb Ai, An - ceoSodnue ModyAu Had KOMMymamue- 
HUM KOAtyoM H.® PaccMompuM Kameaopum Ai odseKmajuu Komopou HeAAwmcA 
noAUAuneuHue omo6pacnceHUA 

f : Aix ...X An Si g: AiX ... x An S'2 


ede Si, S 2 


ModyAu Had KOAbyoM D. Mu onpedeAUM Mop(pu3M 


f^g 


KaK AUHeuHoe omodpaoKeHue 


h: Si ^ S2 


eeKOTopbix KHHrax (nanpHMep, | 1 ], c. 94 ) Teopema 2.18 paccMaxpHEaeTCsi xax onpe/iejieHHe. 
® 51 onpe/iejiHio TenaopHoe npoH3Be/i,eHHe D-moAyjie^ no anajicrnn c onpe/iejienHeM b [ 1 ], c. 
456 - 458 . 
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maKoe, umo KOMMyrnamuena duazpaMMa 



(2.13) 


ynueepcaJibHuil o6seKm Ai (g) ... 0 Kameeopuu Ai nasueaemcsi TensopHbiM 
npoH3BefleHHeM Modyjieu Ai, An- □ 

TeopeMa 2.21. Uycmh D - KOMMymamuenoe KOAt>y,o. Ilycmti Ai, An - D- 
Modyjiu. TensopHoe npouaeedeHue ducmpu6ymu6Ho omHocumejibHo cAootceHUJi 

ai 0 ... 0 (ci + bi) 0 ... 0 a„ 

(2.12) = ai 0 ... 0 ai 0 ... 0 a„ + ai 0 ... 0 6i 0 ... 0 a„ 

Cii , bi ^ Ai 

UpedcmaeAenue KOAbya D e menaopHOM npouseedenuu onpedeAeno paeeHcmeoM 
ai 0 ... 0 (coi) 0 ... 0 a„ = c(ai 0 ... 0 ai 0 ... 0 a„) 

Qi € Ai c € D 

JJoKasameAbcmeo. TeopeMa HEjiaeTCH cjie^CTBHeM TeopeMbi [7]-4.4.3. □ 

TeopeMa 2.22. Uycrnb Ai, An - ModyAu nad KOMMyrnamuenuM KOAbyoM D. 
Tenaopnoe npouaeedenue 

f : Ai X ... X An —y Ai 0 ... 0 An 
cyiyecmeyem u eduHcmeeuno. Mu noAbayeMcsi odoanaueHueM 

f o {ai,an) = ai 0 ... 0 a„ 
dAA o6paaa omodpaatceHUA f. Uycmb 

g : Ai X ... X An —V 

noAUAUHeuHoe omodpaaKenue e D-ModyAb V. Cyiyecmeyem AUHeuHoe omodpaatce- 
Hue 

h ! Ai 0 ... 0 An —^ V 

maKoe, umo duazpaMMa 

(2.14) Ai0...0A„ 



(2.15) /i o (ai 0 ... 0 a„) = g o (oi, ...,a„) 

/l^oKaaameAbcmeo. Cmotph ;i,OKa3aTejibCTBO TeopeM [7]-4.4.2, [7]-4.4.4. 


□ 
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2.4. Ajire6pa na/i; KOMMyTaTHBHbiM KOJitpoM. 

Onpe/];ejieHHe 2.23. Uycm'b D - KOMMyrnamuenoe KOAt>y,o. D-ModyAb Ai nasu- 
eaemcK ajire6poH KOJitpoM D uau £)-ajire6poH, ecAu onpedeAena onepa- 
yuA npouaeedeHUf? e Ai 

(2.16) vw = Co(v,w) 

zde C - 6uAUHeuHoe omo6paoKeHue 

C :AxA^ A 

Ecau Ai ABAAemcA ceoOodnuM D-ModyACM, mo Ai naaueaemcA cbo6o/];hoh aji- 
re6poH Ha^ KOJibpoM D. □ 

TeopeMa 2.24. Upouseedenue e aAzeOpe Ai ducmpu6ymu6Ho no omHomeHum k 
CA ootceHum. 

JHoKasameAbcmeo. TeopeMa HBjiaeTCH cjie;i,CTBHeM TeopeMbi [7]-5.1.2. □ 

CorjiameHHe 2.25. SAeMenm D-aAze6pu A naaueaemcA A-'^w.cjiom.. HanpuMep, 
KOMnACKCHOe HUCAO maKCHce nasueaemcA C-hucaom, a KeamepHUOH nasueaemcM 

H-hucaom. □ 

ripoHSBefleHHe b ajire6pe MOJKeT 6biTb hh KOMMyTaTHBHbiM, hh accopnaTHBHbiM. 
Cjie,zi,yioiEi;He onpe/i,ejieHHH ocHOBanbi na onpeflejieHHHx, ^aHHbix b [18], CTpaHHpa 
13. 

Onpe/i;ejieHHe 2.26. KoMMyTaTop 

[a, b] = ab — ba 

CAyofcum Mepou KOMMyrnamuenocmu e D-aAze6pe Ai. D-aAze6pa Ai nasueaemcA 

KOMMyTaTHBHoii, eCAU 


Onpe/];ejieHHe 2.27. AccopwaTop 

(2.17) (a, b, c) = {ab)c — a{bc) 

CAyoKum Mepou accoynamuenocmu e D-aAze6pe Ai. D-aAze6pa Ai nasueaemcA 

accopHaTHBHoii, ecAu 


OnpepejieHHe 2.28. Hppo Il-ajire6pbi Ai - omo MuoMcecmeo^^ 

N (A) = {a € A : V&, c € A, (a, b, c) = (6, a, c) = {b, c, a) = 0} 

OnpepejieHHe 2.29. I](eHTp Zl-ajire6pBi Ai - omo MHootcecmeo^^ 

Z (A) = {a G A : a € N(A) , V& G A,ab = ba} 


□ 


□ 


^ 51 cjie/iyio onpe.i],ejieHHio, npHBe/ieHHOMy b [18], c. 1, [10], c. 4. yxBep^K/ieHHe, Bepnoe 
npOH3BOJibHoro Z)-Mo;iyjiH, BepHO TaK}«e ajih Z)-ajire6pbi. 

Onpe;i;ejieHHe ^aHO na 6a3e anajiorHHHoro onpe;i;ejieHHB b [18], c. 13 
Onpe^ejiCHHe ;],aHO Ha 6a3e aHajiorHHHoro onpe^ejieHHH b [18], c. 14 
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CorjiameHHe 2.30. Uycmti A - ceo 6 odHasi aAzeOpa c kohchhum uau cuemmiM 6 a- 
3 UC 0 M. Upu pasAoatceHuu SAeMenma aAzeGpu A omnocumeA'bHo Gaauca e mu noAh- 
ayeMcsi odnou u mou atce KopHeeou 6 yKeou Sah o 6 o 3 HaHeHUH amozo aAeMenma u ezo 
KoopduHam. B eupaoKCHUu ne acho - amo KOMnonenma pazAomceHUA aAeMenma 
a oTUHocumeAtiHo 6 a 3 uca uau amo onepayuA eo 3 eedeHUA e cmenewb. /Jaa o 6 Aez- 
HCHUA HmenuA meKcma mu 6 ydeM undeKC aAeMenma aAze 6 pu eudcAAmu yeemoM. 
HanpuMep, 


IlycTt e - 6a3HC cboGo^hoh ajireOpti Ai na^ KOJibpoM D. Ecjih ajireOpa Ai HMeeT 
eflHHHpy, nojio>KHM eo - eflHHnpa ajireOpti Ai. 

TeopeMa 2.31. Uycm'be - 6a3uc c6o6odHou aAze6pu Ai uad KOAhyoM D. Uycmt) 

a = a'^Ci b = b^Ci a,b € A 

UpouzeedeHue a, b moqhzho noAyuumti cozAamo npaeuAy 

(2.18) {abf = C’^-a^V 

zde - CTpyKTypHbie KOHCTaHTM ayiaefipw Ai uad KOAtyoM D. npou3eedeHue 
6a3UCHUx eenmopoe e aAzedpe Ai onpedeAeuo cozAacuo npaeuAy 

(2.19) aej = 

/ioKa3ameAt>cmeo. TeopeMa HEjiaeTCH cjie^CTBHeM TeopeMbi [7]-5.1.9. □ 

Onpe/i;ejieHHe 2.32. Uycmt) Ai u A 2 - aAzedpu nad KOAuyoM D. JIuueuHoe omo6- 
paotceHue D-ModyAA Ai 3 D-ModyAt> A 2 nasueaemcA jiHHeiiHbiM OTo 6 pa>KeHH- 
eM D-aAze6pu Ai e D-aAze6py A 2 . 06o3HaHUM C{D; Ai] A 2 ) MHooicecmeo au- 
HcuHux omodpamccHuu D-aAze6pu Ai e D-aAze6py A 2 . □ 

Onpe/i;ejieHHe 2.33. Uycmt) Ai, An, S - D-aAze6pu. Mu dydcM uasueamt) 
noAUAUHCUHoe omodpaxccHue 

f : Ai X ... X An —>■ S 

D-ModyACu Ai, An e D-ModyAu S nojiHJiHHeiiHbiM OTo 6 p 2 L*;eHHeM D-xa- 
ze6p Ai, An 3 D-ModyAt> S. 06o3HaHUM C{D\ Ai,An] S) MHoaKecm30 
noAUAUHcuHux omodpaotccHuu D-aAze6p Ai, An e D-aAze6py S. OdoauauuM 
C{D] A'^] S) MHooKCcmao n-AuueuHux omodpaotccHuu D-aAze6pu Ai fAi = ... = 
An = AiJ 3 D-aAze6py S. □ 

TeopeMa 2.34. TenaopHoe npouaaedeuue Ai ® ... ® An D-aAze6p Ai, ..., An a 3- 
AAcmcA D-aAze6pou. 

/(oKaaamcA'bcmao. TeopeMa HBjiaeTCH cjie;i,CTBHeM TeopeMbi [7]-6.1.3. □ 

TeopeMa 2.35. Uycmt, Ai accayuamuanaH D-aAze6pa. UpedcmaaACHue 

(2.20) h-.A®A — *^C{D]A]A) h{p):f^pof 

D-ModyAA Ai 0 Ai onpedcACuo paaeucmaoM 

(2.21) {a®h)of = afb a,b G A f G C{D;A]A) 
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UpedcmaeAenue (2.20) nopootcdaem npouseedenue o e D-Modyjie v4i0Ai cozAacuo 
npaeuAy 

[p o q) o a = p o {qo a) 

(2.22) (po ® Pi) o {qo ® qi) = (poqo) ® (qiPi) 

UpedcmaeAenue (2.20) aAze6p'bi Ai®Ai e ModyAe C{D] A] A) noaeoAsiem omoMC- 
decmeumt) menaop dGAi(g)Ai c AuneunuM omodpaatceHueM do S G C{D] A] A), 
zde 5 G C{D; A] A) - moofcdecmeeHHoe omodpacuceHue. JIuHeunoe omodpaatceHue, 
nopoofcdeHHoe menaopoM a®hGAi®Ai , uMeem eud 

(2.23) (a 0 6) o c = ach 

/(oKasameAbcmeo. TeopcMa HBjiaeTCH cjie;i,CTBHeM TeopeMbi [7]-6.3.4. □ 

CorjiameHHe 2.36. B eupamienuu euda 

npednoAazaemcA cyMMa no uudeKcy i. □ 

TeopeMa 2.37. PaccMompuM D-aAze 6 py Ai u accoyuamueHym D-aAze 6 py A2. 
PaccMompuM npedcmasACHue aAzedpu A2 ® A2 e ModyAC C{D; Ai] A2). Omodpa- 
otcenue 

h I A\ —y A2 

nopooHzdeHHoe omodpaomeHueM 

f : Ai ^ A 2 

UMeem eud 

(2.24) h = {qs-o® ag.i) o f = ag.ofas.i 

/(oKasameAucmeo. TeopeMa HBjiaeTCH cjie;i,CTBHeM TeopeMbi [7]-6.3.6. □ 

TeopeMa 2.38. Ilycmu Ai - aAzedpa nad koauu,om D. Ilycmu A2 - ceododuan ko- 
HeuHO MepuaA accoyuamueuaA aAzedpa Had KOAuyoM D. By emu e - daauc aAzedpu 
A2 Had KOAuyoM D. OmodpaotceHue 

(2.25) g = aof 

nopooHzdeHHoe omodpamceHueM f G C{D] Ai; A2) nocpedcmeoM menaopa a G A2® 
A2, UMeem cmaudapmHoe npedcmaeAenue 

(2.26) g = a'^^{ei® Cj) o f = a’^^Cifej 

/(oKaaameAucmeo. TeopeMa aBjiaeTca cjie^cxBHeM TeopeMbi [7]-6.4.1. □ 

CorjiameHHe 2.39. B paeeucmee 

((ao, ...,a„,cr) o (/i, ...,/„)) o {xi,...,Xn) 

(2.27) = (aocr(/i)ai...a„_iCT(/„)a„) o (xi,..., x„) 

= aocr(/i o a;i)ai...a„_icr(/„ oa;„)a„ 

maKotce Kan u e dpyzux eupacuceHUAX noAUAUHeuHozo omodpaatceHUA, npuHAmo 
coZAamenue, umo omodpacuceHue fi UMeem ceouM apzyMenmoM nepeMeHHym Xi. 

□ 
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TeopeMa 2.40. Ilycmb A - accoynamuenafi D-aAze6pa. UoAUAUHeunoe omo6pa- 
Mcenue 


(2.28) f-.A^^A,a = fo{ai,...,an) 
nopoofcdeHHoe omo6paMceHUAMu Ig-i, ■■■> Is n G ^{D', A; A) , uMeem eud 

(2.29) a = fig (Tsils-i o ai) /"i ... (Js{Is-n o a„) 

zde fJs - nepecmaHOBKa MHOotcecmea nepeMCHHUx {ai,...,an} 

di ... dn 

^(Ts(ai) ... (Ts{an) 

/foKasamcAbcmeo. TeopeMa HBjiaeTCH cjie;i,CTBHeM TeopeMbi [7]-6.6.6. □ 

CorjiameHHe 2.41. Ecau menaop a € uMeem pasAootceHue 

a = Ui.Q 0 Ui.i 0 ... 0 Ui.n i G I 

mo MHOOfcecmeo nepecmanoeoK a = {ai € S{n) : i £ 1} u mensop a nopootcdamm 
omo6paoiceHue 

(a, a) -.A^^^A 

onpedeACHHoe paeeHcmeoM 

(a, cr) o (&i, bn) = (a*.o ® a^.i 0 ... 0 ai.„, ai) o (6i,..., 6„) 

= CLi.Qai{h\)(Xi.\'--ai(hn)ai.n 

□ 


2.5. AjireGpa c conpHJKeHHeM. IlycTb D - KOMMyTaTHBHoe Kojibpo. IlycTb A - 
T)-ajire6pa c eflHHHpeii e, A D. 

IlycTb cymecTByeT no^ajireGpa F ajireGpbi A TaKaa, hto F A, D F Q Z{A), 
H ajireGpa A HBjiaeTca cboOo^hbim MOflyjieM na^ kojibpom F. IlycTb e - 6a3HC 
CBo6o/i,Horo Mo;i,yjiH A na^ kojibpom F. Mbi 6y.ii,eM nojiaraTb eo = 1. 

TeopeMa 2.42. CmpyKmypmie KOHcmanmu D-aAze6p'bL c eduHuyeu e ydoeAemeo- 
pAwm ycAoeum 

(2.30) = Cto = St 

/{oKasamcAbcmeo. TeopeMa aBjiaeTca cjie^CTBHeM TeopeMbi [5]-3.5. □ 

PaccMOxpHM OToOpajKeHHH 

Re •. A ^ A 
Im ■. A^ A 


onpe;i,ejieHHbie paBencTBOM 

(2.31) Red = d° lmd = d-(f d£D d = d^ei 

BbipajKeHHe Re d nasbiBaeTca CKajiHpoM sjieMeHTa d. BbipajKenHe Im d nasbi- 
BaeTCH BeKTopoM sjieMeHTa d. 

CorjiacHO (2.31) 

F = {d € A : Ked = d} 

Mbi 6ypfiM nojibsOBaTbCH sanncbio Re A ^jia oOesHaneHna ajireOpbi CKajiapoB 
ajireOpBi A. 
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TeopeMa 2.43. MnocHcecmeo 

(2.32) lmA= {de A-.Red = 0} 

fiejifiemcsi {Re A)-ModyAeM, Komopuu mu naaueaeM MOflyjit seKTopoB ajire6pi>i 

A. 

JJoKasameAhcmeo. TeopeMa HEjiaeTCH cjie^CTBHeM TeopeMbi [5]-4.1. □ 

CorjiacHO TeopeMe 2.43, o.ii,H03HaHHO onpe^ejieHHO npe/i,CTaBjieHHe 

(2.33) c? = Red + Imd 
Onpe/i;ejieHHe 2.44. OmodpaatceHue 

(2.34) d*=Red-lmd 

Haaueaemcsi conpa^ceHHeM b ajire6pe npu ycAoeuu, ecAu smo omodpaotceHue 
ydoBAemeopAem paeeucmey 

(2.35) (cd)* = d* c* 

(Re A)-aA3edpa A, e Komopou onpedeAeno conpADtceHue, nasueaemcA ajireGpoii c 
conpHxceHHeM. □ 

TeopeMa 2.45. (Re A)-aA8edpa A AeAAemcA aAzedpou c conpADtcenueM mozda u 
moAhKo mozda, Kozda cmpyKmypnue KOHcmanmu (Re A)-aAzedpu A ydooAemeo- 
pAwm ycAoeum 

(2.36) CS,=C», C'=-C' 

l<fc<n 1 < I < n l<p<n 

JJoKaaameAhcmeo. TeopeMa HBjiHeTca cjie,zi,CTBHeM TeopeMBi [5]-4.5. □ 

2.6. MnoroHJieH accopHaTHBHoft £)-ajire6poH. IlycTB D - KOMMyTaTHB- 
Hoe KOJiBpo H A - accopnaTHBHaa Z?-ajire6pa c eflHHHpeft. 

TeopeMa 2.46. Uycmb pk(x) - oflHOHJien CTenenn k Had D-aAzedpou A. Tozda 
2.46.1: OdnoHAen cmeneuu 0 uMeem eud po(x) = oq, oq S A. 

2.46.2: Ecau k > 0, mo 

Pk(x) = pk-i(x)xak 

zde Ok £ A. 

/{oKosameAticmeo. TeopeMa HBjiaeTca cjie^ncTBneM TeopeMBi [6]-4.1. □ 

B nacTHOCTH, o^hohjich CTenenH 1 HMeeT bh^ Pi(x) = aoxai. 

Onpe/i,ejieHHe 2.47. OdoanaHUM ^fc[a;] adeAeeyw zpynny, nopocucdenHym mho- 
ofcecmeoM odnoHACHoe cmenenu k. dACMenm pk(x) adenteou zpynnu Afc[a;] nasu- 
eaemcA o/i;Hopo/i;HbiM MHoroHJienoM CTenenn k. □ 

CorjiameHHe 2.48. Ilycmh menaop a € Ecau xi = ... = Xn = x, mo 

MU nOAOCHCUM 

ao x^ = ao (xi 0 ... 0 Xn) 


□ 


KBaflpaTHoe ypaBHeHHe na^ accoij;HaTHBHoft Z)-ajire6poH 
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TeopeMa 2.49. OdnopodHuu mhobohabh p{x) Moofcem 6umti aanucan e eude 

p{x) = Ufc o afc G 

JJoKasameAhcmeo. TeopeMa HBjiHeTca cjie^CTBHeM TeopeMBi [6]-4.6. □ 

Onpe/i;ejieHHe 2.50. 06o3HaHUM 

OO 

A[x\ = ^ An[x] 

n—0 

npMMyio cyMM.y^'^ A-ModyACu A„[x]. dAeMenm p{x) A-ModyAM A[x\ Haaueaemcsi 
MHoroHJieHOM Had D-aAzeOpou A. □ 

Onpe/i;ejieHHe 2.51. MnoeoHAen p{x) nasueaemcA flejiHTejieM MHoroHJieHa 

r{x), ecAU MU mookcm npedcmaeumti MHoeouACH r(x) e eude 

(2.37) r{x) = qi.o{x)p{x)qi.i{x) = {qi.o{x) ® qi.i{x)) o p{x) 

□ 

TeopeMa 2.52. Uycmu p{x) = pi o x - odnopodHuu mhozouabh cmenenu 1 u pi 

- HeeupoatcdeHHuu mensop. Uycm'b 

r{x) = tq + ri o X + ... + Tk o x^ 

MHozoHAeH cmenenu k. Tozda 

r{x) = ro + qi.op{x)qi.i + q 2 .o{x)p{x)q 2 .i + ... + qk.o{x)p{x)qk.i 

(2.38) = -ro + {qi.Q ® qi-i) o p{x) + ( 92 . 0 ( 2 ^) ® q 2 .i) o p{x) 

+ ... + {qk.o{x) 0 qk-i) op{x) 

TeopeMa 2.53. Uycmu 

(2.39) p{x)=po+piox 

- MHoeouACH cmenenu I u pi - Heeupoatcdennuu menaop. Uycrnu 

r{x) = tq + ri o X + ... + Xk o x^ 

MHozoHACH cmenenu k. Tozda 

r{x) = ro - ((ri.Q.s 0 ri.i.g) o p-^) o p^ 

- (((?’ 2 .o.s o x) 0 r 2 . 1 .s) o p~^) O Pq 

- ... - (((xk.Os O X^~^) 0 Xk.l.s) O p^^) O Po 

+ ((ri.o s 0 ri-i-s) op“^) op(x) 

+ (((r 2 .o-s o x) 0 r 2 .i.s) o p~^) o p(x) 

+ ... + (((rfe.Q.s o x^~^) 0 Xk.i.s) o p^^) o p(x) 

= ro - ((ri.Q.s 0 ri-i.s + (r 2 .o.s o x) 0 r 2 .i.s 

+ ... + (rfc.Q.s o x''”^) 0 rk.i.^)op~^) opo 

+ ((ri.o s 0 ri-i.s + (r 2 .o.s o x) 0 r 2 .i.s 
+ ... + (rfc.Q.s o x''”^) 0 Tk-xs) o p~^) o p{x) 


(2.40) 


^^CMOTpH onpe;],ejieHHe npHMoii cyMMbi MO^^yjieii b [1], CTpaHHii;a 98. CorjiacHO TeopeMe 1 Ha 
TOH 7Ke CTpaHHii;e, npHMaH cyMMa MO^yjieH cymecTByeT. 
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2.7. Ajire6pa KBaTepHHOHOB. 


Onpe/i;ejieHHe 2.54. Uycrnb R - noAC deucmeumeAbHux uuceA. Pacmupenue 
H = R{i,j,k) noAR R Haaueaemcsi ajireGpoii KBaTepHHOHOB, ecAu npouaee- 
denue e aAzeGpe H onpedeAcno cozaucho npaeuAUM 


(2.41) 



i 

j 

k 

i 

-1 

k 

-j 

j 

-k 

-1 

i 

k 

j 

—i 

-1 


□ 


3jieMeHTH ajire6pbi H hmciot bh^ 

X = + x^i + x'^j + x^k 

x°, x^,x^,x^ € R 

KBaTepHHOH 

(2.42) X = x° — x^i — x^j — x^k 

HasbiBaeTca conpajKeHHbiM KBaTepHnony x. Mbi onpe^ejiHM HopMy KBaTepHHOHa 
X paBCHCTBOM 

(2.43) |a:p = xx = {x°f + {x^f + {x^f + {x^f 
Hs paBCHCTBa (2.43) cjie^eT, hto oGpaTHBift bjicmcht HMeeT bh^ 

(2.44) x~^ = \x\~‘^x 


TeopeMa 2.55. Uoaomcum 


(2.45) eo = 1 ei = i e-2 = j ea = k 

6a3uc aAze6pu KeamepHuonoe H. Tozda e 6a3uce (2.45) cmpyKmypHue KOHcmaHmu 
uMewm eud 


II 

tf 

1 

II 

I—1 

1 

r'2 — 

1 

r^s — 

^03 — 

1 

_ 

^10 — 

1 

/^O 

Oil — 

-1 

Oi2 — 

1 

(^2 _ 
^13 — 

-1 

r'2 — 
^20 “ 

1 

^3 _ 

-1 

/^O 

O22 — 

-1 

/^1 _ 
O23 — 

1 

^3 _ 

^30 — 

1 

(^2 _ 
^31 — 

1 

/^1 _ 
O32 — 

-1 

/^O 

^33 — 

-1 


/(oKa3ameAt)Cmeo. Cmotph ;i,OKa3aTejibCTBO TeopeMbi [4]-4.3.1. □ 

TeopeMa 2.56. ypaenenue 

ax — xa = 1 

6 aAze 6 pe KeamepHuonoe ne UMeem pemeHuu. 

/(oKaeameAucmeo. TeopeMa HBjiaeTCH cjie;i,CTBHeM TeopeMbi [3]-7.1. □ 
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3. riPOCTblE nPHMEPbl 

TeopeMa 3.1. 

(3.1) {x + a)^ = {I® aa®l) o X + 

/l^oKasamejibcmeo. Tojk^bctbo (3.1) HBjiaeTca cjieflCTBHCM paBencTBa 
{x + a)(x + a) = x{x + a) + a{x + a) = x^ + xa + ax + 

= x"^ + {1 ® a + a ® 1) o X + 


□ 


TeopeMa 3.2. 

(x + a)^ =x^ + (l(8)l®a + l®a(8)l + a(8)l(8)l)oa;^ 

(3.2) 

+ (1 ® + a 0 a + 0 1 ) o cc + 

/(oKasamejibcmeo. PaBencTBO 

(x + a)(x + a)(x + a) = (x + a)(x^ + (l0a + a0l)oa: + a^) 

= x(x^ + (l0a + a0l)oa; + a^) + a(x^ + (1 ® a + a 0 1 ) o x + a^) 

= x^ + x(l ®a + a®l)ox + xa^ + ax^ + o(l 0a + o0l)oa; + a^ 

(3.3) =a;^ + (l0l0a+l0a0l)oa;^ + (l0 a^) o x 

+ (a 0 1 0 1) o + (a 0 a + 0 1) o a; + 

= a;^ + (l0l0a+l0a0l + a0l0l)oa;^ 

+ (1 0 + a 0 a + 0 1) o a; + 

HBjiaeTCH cjie^CTBHeM TOXflecTBa (3.1). Tojk^bctbo (3.2) aBjiaeTca cjie^CTBHeM pa- 
BencTBR (3.3). □ 

TeopeMa 3.3. 

(3.4) (a; + a)(a; + 6) = a;^ + (o 0 1 + 1 0 6) o a: + a6 

(3.5) {x + a)(a; + 6) + (a; + b){x + a) = 2x^ + {{a + 6) 0 1 + 10 (a + 6)) o a; + a6 + 5a 
/foKasameji'bcmeo. Tojk^bctbo (3.4) aBjiaeTca cjieflCTBHeM paaencTBa 

{x + a){x + b) = x{x + 5) + a{x + b) = x^ + xb + ax + ab 

TojKflecTBO (3.5) aBjiaeica cae^CTBaeM paBencTBa 

{x + a){x + 6) + (a + b){x + a) = x{x + 5) + a{x + b) + x{x + a) + b{x + a) 

= 2x^ + xb + ax + ab + xa + bx + ba 

□ 

TeopeMa 3.4. 

{Cs-O 0 Cs-l 0 Cs.2, ds) O {x + a,x + b) 

(3.6) = (Cs-O 0 Cs.i 0 Cs.2,crs) o 

+ (cs.oo-s(a)cs.i 0 Cs .2 + Cs.o 0 Cs.icrs(5)cs.2) O a + Cs.ocrs{a)cs.icrs{b)cs.2 
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/JoKasameji'bcmeo. To>K/i,ecTBO (3.6) HBjiaeTCH cjie^CTBHeM paBencTBa 
(Cs-o 0 Cs-i 0 Cs.2,crs) O {x + a, X + b) 

= Cs-oCTsix + a)cs-ias{x + b)cs-2 

= Cs.o(x + crs(a))cs. i(a; + fJs(b))cs.2 

= Cs.o((x + as(a))cs.ix + (x + as(a))cs.icrs(b))cs .2 

= Cs.o(xCs.ix + (7s(a)cs.ix + xcs.ias(b) + as(a)cs.i(7s(b))cs.2 

□ 


4. KBAflPATHblH KOPEHb 
Onpe/];ejieHHe 4.1. Peiuenue x = i/a ypaeneHUfi 
(4.1) x^ = a 

6 D-aAge6pe A HaaueaemcH KBa/i,paTHbiM KopHeM A-hucau a. □ 

B ajire6pe KBaTepHHonoB ypaBHCHHe 

x^ = -l 

HMceT no Kpafineii Mepe 3 Kopna x = i, x = j, x = k. Hama sa^ana - OTseTHTB 
na Bonpoc kbk mhobo Kopneii HMeeT ypaBnenne (4.1). 


TeopeMa 4.2. Kopnu ypaenenuM 
(4.2) 


13 


(a + x)^ = 

ydoeAemeopMwm ypaeneHum 

(4.3) a;^ + (l 00 + 00 l)oa; = 0 
/(oKasameAhcmeo. ypaBnenne (4.3) HBjiaeTcn cae.n,CTBHeM (3.1), (4.2). 
TeopeMa 4.3. 

(4.4) a;^ + (l 00 + 00 l)oa; = a; ^x + o^ + + o^ x 

/l^oKasameA'bcmeo. TojK^ecTBO (4.4) cjie,nyeT ns panencTBa 

x^ + (l 00 + 00 l)ox = -x^ + xo + -x^ + ox 

fl \ fl 

= X I -X + O 1 + I -X + O I X 


CjieflCTBHe 4.4. VpaeneHue 

(4.5) x^ + (l 00 + 00 l)ox = 0 

uMeem Kopnu x = 0, x = —2a. 

TeopeMa 4.5. x = j — i AeAnemcA KopneM ypaenenuA 


□ 


□ 


□ 


(4.6) 


+ (l0z + ?0l)ox = O 


13 


'Mbi o6o3HaHaeM x pasHOCTB Me:ac^y 2 KBa,i],paTHBiMH kophhmh. 
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/(oKasamcAticmeo. CorjiacHO TeopeMe 4 . 3 , ypaBHCHHe ( 4 . 6 ) paBHOCHjibHO ypaBne- 

HHK) 

X + X = 0 

Ha ypaBHeHHH ( 4 . 7 ) cjieflyeT, hto 

(j - i){{j -i) + 2*) + {{j -i) + 2i)(j - i) 

= U - i)U + 0 + (j + i)U - i) 

= (j - *)i + U - *)* + U + i){j - *) 

= f - ij + ji - *^ + f + ij - ji - 
= 0 


(4.7) 


□ 


BosHHKaeT Bonpoc. Kax mhopo KopneH HMeeT ypaBHeHHe (4.6). Ha ypaBHenna 

(4.8) x{x + 2a) + (x + 2a)x = 0 
cjieflyeT, hto 

(4.9) x(x + 2a) = —(x + 2a)x 

Ha paBCHTBa (4.9) cjie^yeT, hto npoHaBe,ii,eHHe H-hhcbji 2a + x, x aHTHKOMMyTa- 

THBHO. 

TeopeMa 4.6. Uycmti e - 6a3uc kohchho Mepnou accoyuamueHou D-aJize6pu A. 
Uycm'b C^i - cmpyKmypnue KOHcmanmu D-aAze6pu A oniHOcumejibHO 6a3ucae. 
Tozda 

(4.10) Chix’^x^ + x'^a' + a'“x') = 0 

/loKa3amejit>cmeo. PaBCHTBO (4.10) cjie,zi,yeT na paBCHTBa (4.8). □ 

TeopeMa 4.7. B aAzeGpe KeamepHuonoe, ecAu a = i, mo ypaenenue (4.10) uMeem 
MHOxtcecmeo peuienuu maKux, umo 

(4.11) x° = 0 — (x^)^ — 2x^ = (x^)^ + (x®)^ 

(4.12) - 2 < x^ < 0 
/(oKa3ameAt)Cm6o. Ecjih a = i, to paBencTBO (4.10) HMeex bh^ 


CLx'^x^ 

+ 

cL 

x'' 

+ 

'^Ik^ - 

= 0 

C°x'^x' 

+ 

/^O 

x'“ 

+ 

(^0 k _ 

= 0 

Cl^x'^x^ 

+ 

cL 

x'' 

+ 

- 

= 0 

Clx’^x^ 

+ 

cL 

x'“ 

+ 

-- 

= 0 

C^x'^x' 

+ 

cL 

x'' 

+ 

Ci\x'= = 

= 0 


(4.13) 
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CorjiacHO TeopeMe 2.55, h 3 (2.46), (4.13) cjieflyeT, hto 

( 4 . 14 ) {xy - {xy - (xy - {xy - 2 x^ = 0 

(4.15) 2x°x^ +2x° = 0 

(4.16) 2x°x‘^ +x^ -x^ =0 

(4.17) 2x°x^ - x^+x^ = 0 


Ha ypaBHeHHH (4.15) cjie;i,yeT, hto jih6o x^ = 0, jih6o x^ = —1. Ecjih x° = 0, 
TO paBencTBO (4.11) aBjiaeTca cjieflCTBneM paseHCTBa (4.14). yTBep}K/i,eHHe (4.12) 
aBjiaeTca cae.ii,CTBHeM TpeSoBanaa 

-{xy -2x^ >0 

Ecjih x^ = — 1, to jih6o x^ = 0, jm6o x^ = x^ = 0 . yTaepacflCHHe x° = 0, x^ = 
— 1 aBaacTca aacTHBiM cjiyaacM yTBepacfleHna TeopcMbi. yTEepac^CHHe x^ = — 1, 
X^ = X^ = 0 HCBCpHO, TaK KaK paBCHCTBO (4.14) npHHHMaCT BHfl 

(xy + 1 = 0 


□ 


TeopeMa 4.8. B aAzeGpe KeamepHuonoe, ecAu a = 1, mo ypaeuenue (4.10) uMeem 
2 KOpHM 


(4.18) 


x° = 0 x^ =0 = 0 = 0 

x° =-2 x^ = 0 x^ = 0 x^ = 0 


JJoKaaameAhcmeo. Ecjih a = 1, to paBCHCTBO (4.10) hmcct bh^ 




+ 


+ 

'^OkX 

= 0 


C°x'^x' 

+ 


+ 

/^o k 
^Ok^ 

= 0 

(4.19) 

Chx'^x^ 

+ 


+ 

/^1 ^k 
'-'OkX 

= 0 


Chx'^x^ 

+ 


+ 

^OkX 

= 0 


ciyx^ 

+ 

CLx^ 

+ 

cEkx'^ 

= 0 

Ha (2.46), (4. 

19) cjie+ycT, hto 






(4.20) 

{xy - {xy 

1 

{xy 


{xy + 

2x° 


(4.21) 2x°x^+ 2x^=0 

(4.22) 2x°x^ +2x^=0 

(4.23) 2x°x^ + 2x^ = 0 
Ha ypaBHCHHii (4.21), (4.22), (4.23) cjie+yeT, hto jih6o 

(4.24) x^ = x^ = x^ = 0 


jiii6o x° = —1 . 

Ecjih paBCHCTBO (4.24) Bcpno, to na ypaBHenna (4.20) cjie+ycT, hto j[h6o x° = 0, 
jm6o x° = —2. CjiCflOBaTCJibHO, mbi nojiyanjiH pemcHHa (4.18). 

Ecjih x° = — 1 , to paBCHCTBO (4.20) hmcct bh^ 

( 4 . 25 ) {xy + {xy + {xy + i = Q 

ypaBHCHHC (4.25) HC hmcct achctbhtcjibhbix KopHcii. □ 
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TeopeMa 4.9. 

(4.26) 


1 


1 


r = -(b — a){b + a) + -ib + a)(6 — a) 


2' ''' 2' 
/(oKasameAbcmeo. Hs TOJK^ecTBa (3.1) cjie^yeT, hto 


(4.27) 


(x + a)^ — = x^ + (1 iS> a + a 0 1) o : 


Ha (4.4), (4.27) cjic^yeT, hto 


(4.28) 


(x + a)^ — = X I —X + a I + ( —x + a \ x 


HycTb b = X + a. Tor^a 
(4.29) 

Hs (4.28), (4.29) cjieflyeT, hto 


X = b — a 


(4.30) 


r — = {b — a) [ -{b — a) + a 1 + I -{b — a) + a 1 [b — a) 


1 


TojKflecTBO ( 4 . 26 ) sBjiHeTca cjie^ncTBneM pasencTBa ( 4 . 30 ). □ 

5. AjIFEBPA C COnPa>KEHHEM 
CorjiacHO TeopeMe 4 . 7 , ypaBnenHe 

x2 = -l 

B ajireGpe KBaTepHHOHOB HMeea GecKoneaHO mhopo KopHeli. Corjiacno TeopcMC 4 . 8 , 

ypaBHCHHC 

x^ = l 

B ajireGpe KBaTepHHonoB HMeeT 2 Kopna. 51 ne oacH^aji ctojib pasjiHHHbie ypBep- 
jK^CHHa. OflHaKO, r;i,e Kopent SToro pasjiHHna? 

HycTB e - 6a3HC KoneaHO MepHoit D-ajireGpbi A. HycTt - CTpyKTypHBie 

KOHCTaHTBi Zl-ajire6pBi A OTHOCHTejiBHO Oaaaca e. Tor^a ypaBHenne 

x^ = a 


HMeeT BHfl 

(5.1) Ciix'^x^ = a* 

OTHOCHTejiBHO 6a3Hca e. PemenHe chctombi ypaBHenHH (5.1) - ne caMaa npocTaa 
sa^aaa. 

0.ii,HaKO pemeHHe 3 toh aa^aan bo 3 mo>kho, ecjiH ajireGpa A hmoot e^Hanpy h 
aBjiacTca ajireGpoii c conpaacenHeM. CorjiacHO TeopeMaM 2.42, 2.45, CTpyKTypHBie 
KOHCTaHTBi Zl-ajire6pBi A hmciot cjie^yiomHH bh^ 


(5.2) 

(5.3) 


/^O _ 1 /^O _ ^0 

^nn — ^ 


^Ik 


/^k _ /^k _ 1 /^P _ /^P 

^fcO ~ ~ ^ ^kl — ^Ik 


1 < k < n 1 < I < n 1 < p < n 
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TeopeMa 5.1. B D-aJize6pe A c conpnotceHueM ypaenenue (5.1) uMeem eud 

(5.4) {x°f + Chx’^x^ = a° 

(5.5) 2x°x^ = aF 


1 < k < n 1 < I < n 1 < p < n 


/(oKasamejibcmeo. ypaBHenne (5.4) aBjiaeTca cae;i,CTBHeM (5.1), (5.2) Kor,na i = 0. 
ypaBHenae (5.5) aBjiacTca cjieflCTBaeM (5.1), (5.3) Kor;i,a i > 0. □ 

TeopeMa 5.2. Ecau ^Ja G Im^, mo a € Re A . Kopem ypaenenusi 

x^ = a 

ydoBAemeopjiem ypaeneHum 

(5.6) Clix'^x'- = a° 

1 < k < n 1 < I < n 
JJoKaaameAhcmeo. Ecjih x G 1mA, to 

(5.7) = 0 

PaseHCTBO 

(5.8) qP = 0 1 < p < n 

aBjiaeTca cae,zi,CTBHeM (5.5), (5.7). Ha paBencTBa (5.8) cjieflyeT, axo a G ReH . 
ypaBHenne (5.6) aBaaexca cjie^CTBHeM (5.4), (5.7). □ 

TeopeMa 5.2 Hnaero ne roBopax o aacjie Kopneii. O^naKO caeflyiomee yxBepac^ne- 
Hiie oaeBH/i,HO. 

Cjie,zi,CTBHe 5.3. B aAze6pe KeamepHuoHoe, ecAu a G R, a < 0, mo ypaenenue 

x^ = a 

UMeem 6ecKoneHHo muozo Kopneu. □ 

TeopeMa 5.4. Ecau Re-^o ^ 0, mo Kopnu ypaenenusi 

x^ = a 

ydoeAemeopsimm paeencmey 

(5.9) (a;°)^ - a°(x°)^ + = 0 


(5.10) 


x'^ = 


a 


k 


2x° 


1 < k < n 1 <l <n 

/JoKasameAucmeo. TaK Kax ^ 0, xo paBeHCXBO (5.10) aBjiaexca cjie^cxBHeM 
paBencxBa (5.5). PaBeHCXBO 

aBjiaexca cae.ii,cxBHeM paBencxE (5.4), (5.10). PaBencxBO (5.9) aBaaexca cjie^cxBHeM 
paBeHcxBa (5.11). □ 
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TeopeMa 5.5. Uycm'b H - aAzeGpa KeamepHuoHoe u a - H-hucao. 
5.5.1: Ecau Key/a^O, mo ypaenenue 

= a 

uMeem Kopnu x = xi, x = X 2 maKue, umo 

(5.12) X 2 = —xi 

5.5.2: Ecau a = 0 , mo ypaencHue 

x^ = a 

uMcem Kopem x = 0 Kpamnocmu 2. 

5.5.3: Ecau ycAoeuA 5 . 5 . 1 , 5 . 5.2 ue eepuu, mo ypaenenue 

x^ = a 

UMeem 6ecKoneHHo mhozo Kopneu maKux, nmo 

(5.13) x G ImJI a G Roll \x\ = y/—a 


/(oKaeameAucmeo. ypaBHenne 

( 5 . 14 ) {xy - {xy - {xy - yf = a° 

HBjiHeTCH cjieflCTBiieM (2.46), (5.4). 

Ecjih a = 0, to ypaBHeHHe 

( 5 . 15 ) {xy - {xy - {xy - {xy = 0 

HBjiaeTCH cjie.ii,CTBHeM ypaBHenna (5.14). Ha (5.5) cjie^nyex, hto jih6o x° = 0, jih6o 
x^ = x'^ = x^ = 0. R o6ohx cjiynaax, yTBep}Kyi,eHHe 5.5.2 cjic^yex h 3 ypaBHenna 

(5.15) . 

Ecjih Re-^a ^ 0, to mbi mojkom hphmchhtb xeopeMy 5.4 k ypaBHennio (5.14). 
Cjie,zi,OBaTejH3HO, mbi nojiyHHM ypaBHenne 

(5.16) {xy - a°{xy - \{{ay + {ay + {ay) = 0 

KOTOpOe HBJIHeXCH KBa7I,paTHbIM ypaBHCHHeM 

(5.17) y^ - a^y - ^{{ay + {ay + (a")') = 0 

OTHOCHTCJIBHO 

(5.18) y = {xy 
Tax KHK 

{ay + {ay + {ay >0 

TO MBI flOJIJKHBI paCCMOTpOTB flBa BapHaHTB. 

• Ecjih 

{ay + {ay + {ay > 0 

TO, corjiacHO xeopeMe BneTa, ypaBHenne (5.17) hmcct Kopnn y = j/i, yi < 
0, H 2/ = 2/2, 2/2 > 0. CorjiacHO paseHCTBy (5.18), mbi paccMaxpHEaeM 
TOJiBKO KopeHB y = 2/2, 2/2 > 0- Cjie/i,OBaTejiBHO, ypaBHenne (5.16) HMcex 
flBa KOpHH 

Xi = y/y2 X2 = -y/m 


( 5 . 19 ) 
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PaBeHCTBO (5.12) HBjiHeTca cjieflCTBHeM paBencTB (5.10), (5.19). 

• Ecjih 

(0^)2 + (a^)2 + (a3)2 ^ 0 
TO 

(5.20) =a^ =a^ = 0 
Tax Kax Re ^/a ^0, to yTBep}x/],eHHe 

(5.21) = x'^ = = 0 

HBjiHeTCH cjie^CTBHeM (5.10), (5.20). Cjie^OBaTejibHO, ypasHenHe (5.17) HMe- 

ex BH/l, 

(5.22) 2/2 _aOy = o 

CorjiacHO /i,oxa3aTejibCTBy TeopcMbi 5.4, snaHenHe y = 0 HBjiaeTca nocTO- 
poHHHM xopneM. Cjie^OBaTejibHO, ypaBnenHe (5.22) sxBHBajieHTHO ypasHe- 

HHK) 

(5.23) y-a° = 0 

IlycTb^'* a° > 0 . Ha ypaBHeHHft (5.18), (5.23) cjieflyeT, hto ypaBHCHHe 
(5.16) HMeeT ^aa xopna 


(5.24) 


PaBeHCTBO (5.12) HBjiaeTCH cjieflCTBHeM paaencTB (5.10), (5.24). 

Ecjih ycjiOBHH 5.5.1, 5.5.2 ne BepHbi, to a 7 ^ 0, 07i,Haxo Re-^/a = 0. CorjiacHO 
TeopeMe 5.2, a € ReA , a° 7^ 0 h ypaBHenne 

(5.25) {x^f + (x2)2 + (a;3)2 = -flO 

HBjiaeTCH cae/i,CTBHeM ypaBHenna (5.6) h paBCHCTBa (2.46). IlycTb^® a° < 0 . Tor7i,a 
ypaBHCHHe (5.25) hmcct Oecxoneano mhoto xopHeii, yflOBaeTBopaiomHx ycaoBHio 
(5.13). □ 


6. HECKOJIbKO 3AMEMAHHH 
51 6bia roTOB x yTaepac/iCHHio, hto ypaBHCHHe 

x^ = a 

HMCCT GecxoHCHHO MHoro xopHcii. O/inaxo yTBepjxflCHHe TeopcMbi 5.5 oxaaajiocb 
6ojiee HCOJXH/iaHHbiM. Hncao xopneii b aare6pe xBaTcpHHOHOB H saBHCHT ot sna- 
HCHHa iJ-HHcaa a. 

KBa7i,paTHbiH xopcHb B Hoae xoMnaexcHbix hhccji C hmcct flBa SHaacHHa. Mbi 
nojibsycMca pHMaHOBOli noBcpxHOCTbio^® RC npcflCTaBjiCHHa OToGpajxcHHa 

^ : z € C ^ y/z G RC 

51 noaaraio, hto noxojxyio noBcpxHOCTb mbi moixcm paccMaTpHBaTB b aare6pe xaa- 
TcpHHOHOB. 07i,Haxo no/i,o6Haa hobcpxhoctb hmcct 6ojiee caojxHyio Tonoaornio. 

paccMOTpejiH SHaneHne a® = 0 b jTBepjKfleHHH 5 . 5 . 2 . Mbi paccMOTpejiH SHaneHne 
< 0 B yTBepjKjieHHH 5 . 5 . 3 . 

^^Mbi paccMOTpejiH aHaaeKHe a® > 0 b yTBepjKfleHHH 5 . 5 . 1 . 

^^OnpejiejieHHe pHMaHOBofi noBepxHOCTH cmotph b [ 15 ], CTpaHHiiBi 170 , 171 . 
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MaieMaTHKH naynajiH Teopnio HeKOMMyTaTHBHMx hojihromob he npoTHJKeHHn 
XX BCKa, H 3HaHHe nojiya^enHbix peayjiBTaTOB Baacno ^jih npo;i,oji}KeHHa: HCCJie;i,o- 
BaHHH. 

B KHHre [13], na CTpanHpe 48, IIoji Koh nnineT, hto HsyaeHHe MHoroHjienoB nafl 
HeKOMMyTaTHBHOH ajire6poH A - aafla^a nenpocTaa. HtoGbi cflejiaTb aaflaay npo- 
me H nojiyHHTb neKOTopbie npeflBapHTejibHbie peayjibTaTbi, IIoji Koh npe,zi,jio>KHji 
paccMaTpHBaTb MHoroHjienbi, y KOTopbix KoacJxjDHpHeHTbi HBjiaiOTca A-HucnaMn a 
sanHcaHbi cnpaBa. Tekhm o6pa30M, corjiacHO Kony, MHoroHjien na^ U-ajireGpoii A 
HMeeT BHfl 

p{x) = 00 + xai + ... + x'^Qn at £ A 

3to corjianienne no3BOJiHjio npeo,nojieTb Tpy,zi,HOCTH, CBaaaHHbie c HCKOMMyTa- 
THBHOCTbK), H HOjiyHHTb HHTepecHbie yTBepjKfleHHa o MHoroHjienax. Oaheko, boo6- 
me roBopa, ne Bce yTBepjK^eHHa Bepnbi. 

Mbi paccMOTpHM cjieflyiomHH npHMep. B KHHre [14], CTpaHHpa 262, IJ,ht JIem 
paccMETpHBaeT MHoroHjienbi, y KOTopnix KOseJxJjHpneHTbi hbjihiotch ^-hhcjiemh h 
3anHcaHbi cjieBa.^^ CorjiacHO IJ,ht JlaMy, npoH3Be,zi,eHHe MHoroaaeHOB HMeea bh/i, 

( 6 . 1 ) (x — a)(x — b) = x^ — (a + b)x + ab 

npoH3Be;i,eHHe (6.1) MHoroHjienoB ne corjiacoBano c nponsBefleHneM b Zl-ajire6pe 

A. 

XoTH Mbi MoaceM paccMaTpHBarb paBCHCTBO (6.1) kek o6o6Hi,eHHe TeopcMbi Bh- 
eia,^® EI,ht JIaM o6pam,aeT nanie BHHMaHne na yTBep}K,zi,eHHe, hto ^-hhcjio a ne 
HBjiaeTCH KopneM MHoroHaena /. IIo-BHflHMOMy, sto o^na h3 hphhhh, noaeMy no- 
hhthh aeBoro, npaBoro h nceB,ii,o KopHeit paccMOTpeHHbi b ]2, 14]. 

Moh nyTb b Teopnio HeKOMMyTETHBHbix MHoroaaeHOB npoxo^HT aepea Maie- 
MaTHHecKHH aHaaH3 ( pa3,zi,ea [8]-4.2 ). Y kofo-to nyib MoaceT npoxoflHTb aepea 
4)H3HKy. 51 Hoaaraio, hto MaxeMaTHHecKaa onepapna floaacHa 6biTb coraacoBana c 
Tpe6oBaHHHMH flpyrnx Teopnii. Pa3BHTHe hobbix Hfleii h mcto^hob noBBoaaeT npo- 
flBHHyTbca B HsyaeHHH HeKOMMyxaTHBHbix MHoroHaeHOB. Il,eab stoh ctethh - no- 

KESaTb, KEKHMH B03M0JKH0CTHMH Mbi pECHOaEraeM CerOflHH ,HaH HSyHeHHH HCKOM- 
MyTETHBHblX HOaHHOMOB. 


7. BonPOCbl H OTBETbl 

B 3TOM pa3fleae a co6paa Bonpocbi, he KOTopbie Heo6xoflHMO otbcthtb flaa Hsy- 
HeHHa HeKOMMyTETHBHbix MHOrOHaCHOB. Mbi CKOHpeHTpnpyeM HEine BHHMEHne HE 

KB2l/i;paTHOM ypaBHeHHH 

(7.1) (os.Q 0 ttg-i 0 0^.2) O + {bt-o 0 bt.i) O X + c = 0 

HE TeopeMe Bhcte h MCTOfle Bbi,zi,eaeHHH noanoro KBa,zi,paTa. 

IlycTb r(x) - MHoroHaeH CTenenn 2. CoraacHO onpe/i,eaeHHio 2.51, MHoronaen 

p(x) = x — a=(l0l)ox — a 

B 4)opMaTe 3anHCH MHoroMjiena, npeaao^KeHHOM Kohom h JlaMOM, HenpHHpHnH- 

ajibHO. 

yTBep^,i],eHHH [2]- 1.1, Bjia/i;HMHp Pexax paccMOTpeji ;i;pyryio 4>opMyjiHpoBKy TeopeMbi Bh- 
exa MHoroHJieHOB Ha;], HeKOMMyxaTHBHOH ajire6poH. 
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HBjiaeTCH flejiHTejieM MHoroHjiena r{x), ecim cymecTByiOT MHoroHjienbi qi.o(x), 
qi.l(x) TaKHe, HTO 

(7.2) r(x) = q^.o(x)p(x)qi.i(x) 

CorjiacHO TeopeMe 2.52, fljia KajK^oro i, CTenenb o^noro h3 MHoroHjienoB qi.o{x), 
qi.i{x) paBHa 1, a flpyroft MHoroHjien HBjiaeTca A-hhcjiom. Ecjih MHoroajien r hmc- 
eT TaKsce Kopent &, MoaceM jih mbi npe,ii,CTaBHTb MHoroHjien r b BH,zi,e npoH3Be,neHHH 
MHoroHjienoB x — a, x — b. B KaKOM nopa^Ke mbi flOjiacHbi nepcMHoacaTb MHoroajie- 
Hbi X — a, X — b? YaHTbiBaa CHMMeTpHio Kopneli a h &, a oacHflaio hto pa3Jio>KeHHe 
MHoroajiena p{x) na MHoacHTejiH HMeeT bh/i, 

(7.3) r(x) = (c, a) o {x - a, X - b) = (cg.o 0 Cs-i 0 Cs. 2 , Cg) o {x - a,x - b) 

Bonpoc 7.1. Ilycmh jiu6o a ^ Z(A), b ^ Z{A), jiu6o a ^ Z{A), c ^ Z{A). 
Ilycmt) MHOzoHJien p{x) UMeem eud 

(7.4) p{x) = {x — b)[x — a) + {x — a)(x — c) 

7.1.1: HeAsiemcfi au anaueHue x = a eduHcmeennuM KopneM MHozouAena p{x) 
UAU cyuificmeyem eiqe odun Kopenb MHOzouAena p(x) ? 

7.1.2: Cyiqecmeyem au npedcmasAenue MHozouAeua p{x) e eude (7.3). 

□ 

IlycTb a,b€Z[A). Tor,na 

{x — b){x — a) = x^ — bx — xa + ba = x^ — xb — ax + ab = {x — a)(x — b) 

H MBI MOJKeM ynpocTHTB BBipaaceHHe MHoroHjiena (7.4) 

p{x) = (x — b)(x — a) + (x — a)(x — c) = (x — a)(x — b) + (x — a)(x — c) 

= {x — a){2x — b — c) 

Otbct OHeBH/i,eH. IloaTOMy mbi 6y^eM nojiaraTB jih6o a ^ Z{A), b ^ Z{A), jih6o 
a ^ Z(A), c ^ Z(A). 

H3 nocTpoeHHH, paccMOTpeHHBix B pa3flejie 1.2, cjie,ii,yeT, hto KBa,ii,paTHoe ypaa- 
Henne MOJKeT hmctb 1 Kopenb. Ceftaac a totob npHBecTH eipe o,zi,hh npHMep KBafl- 
paTHoro ypaBHenna, KOTopoe HMeeT 1 Kopenb. 

TeopeMa 7.2. B aAze6pe KeamepHuonoe cyiqecmeyem Keadpamnoe ypaenenue, 
Komopoe UMeem 1 Kopeut. 

JJoKaaameAbcmeo. CorjiacHO TeopeMe 2.56, MHoroajien 

p{x) = jx - xj -1 

He HMeeT Kopneli b ajireGpe KBaTepHHOHOB. CjieflOBaTejiBHO, mhotohjibh 

p{x){x — i) = {jx — xj — l){x — i) = jx"^ — xjx — X — jxi — xk + i 
HMeeT 1 KOpCHB. □ 

TeopeMa 7.3. B aAze6pe KeamepHuonoe cyiqecmeyem Keadpamnoe ypaenenue, 
Komopoe ne UMeem 1 Kopneu. 

/joKosameAbcmeo. CorjiacHO TeopeMe 2.56, MHoroajieHBi 

p{x) = jx -xj -I 
q{x) = kx — xk — 1 
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He HMeiOT Kopneii b ajireGpe KBaTepHHOHOB. Cjie^OBaTejiBHO, MHoroHjien 
p{x)q{x) = {jx — xj — \)(kx — xk — 1) 

= {jx — xj — l)kx — {jx — xj — l)xk + jx — xj — 1 
= jxkx — xjkx — kx — jxxk + xjxk -\- xk + jx — xj — 1 
= jxkx — jx^k + xjxk — xix — kx + xk + jx — xj — 1 
He HMeeT Kopneli. □ 


Bonpoc 7.4. Cyin^ecmeymm Jiu nenpueoduMue mhozouabhu cmenenu eume hcm 
2? KaKoea cmpyKmypa MHootcecmea nenpueoduMux MHozouAenoe? □ 

Bonpoc 7.5. 3aeucum au MHoofcecmeo Kopneu MuozouAena (7.3) om menzopa a 
u MHOMcecmea nepecmanoeoK ct ? □ 


Bonpoc 7.6. /I{aa aki6ozo menzopa G Ai^) A, cymecmeyem au A-hucao 

a maKoe, umo 

(7.5) l(8)a + a(8)l = 0 &i.i 


□ 


^onycTHM, OTBCT Ha Bonpoc 7.6 nojiOHCHTejien. Tor^a, onKpaacb na TOHc/i,ecTBO 
(3.1), MbI MOJKCM npHMeHHTb MCTO.!!, BblflCJICHHa HOJIHOrO KBa/I,paTa fljisi penieHHH 

npHseflennoro KBa;];paTHoro ypaBnenna 

+ (Ps-o 0 Ps-i) ox + q = Q 

EcTb Bce ocHOBaHHH HOJiaraTb, hto otbct na Bonpoc 7.6 OTpHpaTejien. 

MnoHcecTBO MHoroHjienoB (7.3) cjihhikom bcjimko, HTo6bi paccMaTpHBaTb Teo- 
peMy BueTa. TeopeMa BneTa npe^nojiaraeT npHBe;i,eHHoe KBa.ii,paTHoe ypaBHenne. 
Cjie^OBaTejibHO, HTo6bi paccMOTpeTb TeopeMy BneTa, mbi flOjiJKHbi paccMOxpeTb 
MHoroHjieHbi, y Koxopbix KoacJxJjHpHeHT npn x'^ paBCH 1 0 1 0 1. CaMaa npocxaa 
4)opMa xaKHx MHoroHjieHOB HMeex bh^ 

(7.6) c{x — a;i)(a; — X 2 ) + d{x — X 2 ){x — xi) = 0 

r^e c, d - jHo6bie A-nncjia xaKne, hto 

c + d = 1 


Teopema 7.7 (Opancya Bnex). Ecau Keadpamnoe ypaenenue 
(7.7) + (ps.o 0Ps.i) o a; + g = 0 

uMcem KopHu x = Xi, x = X 2 , rno cyui,ecmeyK>m A-hucau c, d, 

c + d = 1 

maKue, umo odno uz CAedymiqux ymeepztcdeHuu eepno 

Ps o 0Ps.i = -((ca^i) 0 1 + c0 a :2 + {dx2) 0 1 + d0 Xi) 

(7-8) 

q = CX 1 X 2 + dx 2 Xi 

/„ ..N P^-0 = “((^ic) 0 1 + 10 { 0 x 2 ) + {X 2 d) 0 1 + 10 (dxi)) 

q = X 1 CX 2 + X 2 dxi 

Ps O 0 Pb-1 = -(a;i 0 c + 1 0 {X 2 c) + X 2 0 d + 1 0 {xid)) 
q = X 1 X 2 C + X 2 Xid 


(7.10) 
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/(oKasamejibcmeo. yTBepjK^eHHe (7.8) HBjiHeTCH cjie^CTBneM paBcncTBa 
c{x — xi){x — X2) + d{x — X2){x — Xi) 

= c(x — xi)x — c{x — Xi)x2 + d{x — X2)x — d{x — X2)xi 
^ ^ = CX^ — CXiX — CXX2 + CX1X2 + dx^ — dX2X — dxxi + dX2Xi 

= X^ — CXiX — CXX2 — dX2X — dxxi + CX1X2 + dX2Xi 
yTBepjKfleHHC (7.9) sBjiHeTca cjieflCTBueM paaencTBa 
(x — xi)c{x — X2) + (a: — X2)d{x — xi) 

= (x — Xi)cX — {x — Xi)cX 2 + {x — X2)dx — (x — X2)dx\ 

= XCX — XiCX — XCX2 + X1CX2 + xdx — X2dx — xdxi + X2dx\ 
= X^ — XiCX — XCX2 — X2dx — xdxi + X1CX2 + X2dxi 
yTBep>KfleHHe (7.10) HBjiaeTca cae^CTBaeM paaencTBa 
(x — xi)(x — X2)c + (a; — X2){x — Xi)d 
= {x — xi)xc — (x — Xi)x2C + (a: — X2)xd — (x — X2)xid 
= x^c — xixc — XX 2 C + a:ia:2C + x'^d — X2xd — xxid + X2Xid 
= x^ — xixc — XX2C — X2xd — xxid + X1X2C + X2Xid 


(7.12) 


(7.13) 


□ 


Bonpoc 7.8. UepeHucAemi au e meopeMe 7.7 see eosMoofCHue npedcmaeAenuji 
npueedcHHozo ypaeneHUJi (7.7) ? □ 

Mbi MoaceM paccMOTpeTb Bonpoc 7.1 c ToaKH apenHa TeopcMbi 7.7. Ilpeflnojio- 
>KHM, aTO MHoroajien 

(7.14) p{x) = (x — b)(x — a) + (x — a)(x — c) 

HMeeT KopHH X = a, X = d. CymecTByroT A-aacjia /, g, 

/ + 5 = 1 

TaKHe, aTO 

(7.15) 2afd+2dga = ba + ac 

Mbi nojiyanjiH ypaBHenne CTenenn 2 c flByMa nenaBecTHbiMH. 

Bonpoc 7.9. Uyem'b x = X 3 Kopent MHoeouAena (7.3). Ecau mu aanumcM aua- 
HCHue X 3 eMeemo anaHeHUA X 2 , uaMenumcA au noAUHOMp{x). □ 

SnaaenHa x = x = —i nopoac^aiOT MHoroajien 

p{x) = {x — i){x + i) + (a; + i){x — i) 

= x(x + i) — i(x + i) + (a; + i)x — (x + i)i 
= x^ + xi — ix — + x^ + ix — xi — 

= 2 x‘^ + 2 


(7.16) 
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SnaHeHHH x = i, x = —j nopojKflaiOT MHoroHjien 

q{x) = (x - i){x+j) + {x + j){x - i) 


+ j) — + j) + (a; + j)x — (x + j)i 


(7.17) 


x^ + xj — ix — ij + x^ + jx — xi — ji 


= 2x^ + x(j — i) + {j — i)x 

KaK Mbi MHoroHjieHbi p{x), q{x) pasjiHHHbi. Bojiee Toro 

q{-i) = 2{-if + (-i)(j - i) + (j - 


(7.18) 


2{-l) + {-i)j - {-i)i + j{-i) - i{-i) 


2 — ij + 


ji + 1^ = —2 + 2i^ = —4 
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A-hhcjio 10 

A-npe;],CTaBJieHHe b Q-ajire6pe 5 


CBo6o;],HaH ajireOpa HavO, KOJibii;oM 10 
CKcuiap sjieMeHTa ajireOpBi 13 
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3h;i;omop4)H3m 5 
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KBa;i;paTHoe ypaBHeHHe 25 
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KOMMyTaxop Z)-ajire6pbi 10 

aHHeiiHoe OTo6paaceHHe 8, 11 

MHoroaaeH 15 

Mo;],yab BCKTOpOB ajireOpbi 14 
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Q2-aJire6pe 6 

MOp(J)H3M npe;],CTaBaeHHH ns f b g 6 
MOp4>H3M npe;],CTaBaeHHa / 6 

HOpMa KBaTepHHOHa 16 

HOCHTeab il-ajire 6 pbi 5 

oOaacTb onepaxopOB 5 
o;];HOpo;],HbiH MHoronaen cxenenH n 14 
o;];HOHaeH cxenenH k 14 
onepaii;Ha na MHoacecxBe 4 

HoaHaHHeiiHoe oxoOpaaceHHe 8, 11 
npe;];cxaBaeHHe $li-aare6pbi A b ^2- 
aareOpe M 5 

npeo6pa30BaHHe ynHBepcaabHOH aareOpbi 
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ajire6poH A 15 

(a, b, c) accoi],HaTOp D-ajire6pbi 10 
[a, 5] KOMMyTaTOp D-ajire6pbi 10 

Afe[x] A-Mo;iyjib o^HOpo;i;Hbix 

MHoroHJieHOB HavO, Z)-ajire6poH A 14 
Aq fl-ajire6pa 5 
y/a KBa;i;paTHbiH KopeHb 18 

^exapTOBa cxeneRb 4 

CTpyKTypHbie KOHCxaHTbi 11 
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H ajireOpa KBaTepHHOHOB 16 

ImA MOAyjib BeKTOpOB ajireOpbi A 14 
Imd BCKTOp 3JieMeHTa d anreOpbi 13 

C{D; Ai; A 2 ) MHo:>KecTBO jiHHeiiHbix 
OTo6paxceHHH 8, 11 
C{D\ Ai, An] S) MHO:>KeCTBO 

nOJIHJIHHeHHbIX 0T06paXCeHHH 11 
C{D]A^]S') MHo:acecTBO n-jiHHeHHbix 
OTo6paxceHHH 11 

End(fi2;^2) MHO^ecTBO npeoSpasoBaHHii 
yHHBepcajibHoii ajireOpbi M 5 

N{A) HAPO -D-ajire6pbi A 10 

Ai 0 ... 0 An TeHSOpHoe npOHSBeAeHHe 9 

Re A ajire6pa CKajiapoB ajireOpbi A 13 
Re d CKajinp sjieMeHxa d ajireOpbi 13 

Z{A) AeHTp D-ajire6pbi A 10 

Q oOjiacTb onepaxopOB 5 

r2(n) MHOiacecTBO n-apHbix onepaxopoB 5 
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